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This deliverable report deals with available distributed and hierarcharala schemes applie
to a simple toy problem. Once the review is made, a distributed methodology was dest¢d
benchmark problem. Hence, simulation results are discussed.
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Introduction

Hierarchical and Distributed Model Predictive Control (HDMPC) playsnaportant role in plantwide
control, due mainly to its versatility on using the model to optimize the control actiondsns of
a designed cost subject to certain process constraints. On the otlikrldrge-scale systems deal
with complex systems, hard nonlinearities and a large amount of variablese &amples of large-
scale systems are the whole traffic in a city, interconnection of electricapeygtems, and complex
chemical plants.

Centralized control using MPC has became a powerful tool since 8@srthinly to their use
at petrochemical plants. However, as the system gets bigger, the dyremaiosre complex, and
moreover these dynamics are strongly interconnected, centralizedldmettmnes infeasible, due to
computational burden associated with the solution of a bigger optimization praiileach sample
time, and the communication bottleneck caused by the information exchangeshdheecentralized
CPU and all other entities in the system (sensors, actuators and conjrollers

Also, if the system state is not available, a state estimator must be designeceinmblve
the optimal control in the MPC sense. Despite the centralized framework hasaveilable theory
than the decentralized framework, there are other problems that make pincselp unsuitable for
large-scale systems: any failure on the data acquisition system, on the spsteadler, and possibly
on the system observer could cause catastrophic consequencegoodihet, and the plant security.
Distributed systems, on the other hand, take into account a system partitioteintorsolve many
optimal subproblems. In this case, coordination mechanisms arise to gedraii plant performance.

While distributed control deals with the coordination and/or cooperation leetVoeal agents in a
given layer, hierarchical control takes decisions following the transom&s information from higher
levels inside a hierarchy. Problems like the guidance of a group of rabaithe scheduling in a plant
can be solved by means of hierarchical control.

This paper is organized as follows: first an introduction is made. Therm#&ptér 1, a review on
hierarchical and distributed MPC schemes applied to large-scale systersisaavn in order to give
an overview on the state of the art. Chapter 2 deals with a distributed scheiregldp a simple heat
conduction and convection problem. Finally some conclusions are given.
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Chapter 1

A Review on Distributed Control
Schemes applied to simple Toy Problems

Hierarchical and distributed Model Predictive Controllers (MPC) deiéth woordinated structures
among local controllers to carry out the global plant task in a desiredMageover, communication
issues due to cooperative strategies, hierarchical coordination,aaddoptimization subproblems
turn the problem in a difficult task. Hence, toy problems play a crucial roleesgbthe designed
methodologies as a previous step before its application in a large-scalesyste

In this section, only distributed strategies are applied to this kind of problechararsummarized
in order to outline its main features.

1.1 Distributed MPC

In this section, a discussion on the reviewed Distributed Model Predictiver@ (DMPC) schemes
applied to simple toy problems are presented.

Mercangz and Doyle Il present in [7] a comparison between a fully decentraldB€ and
a kind of DMPC design applied to a straightforward four-tank system, esrsin Fig. [1.1. The
physical flowsheet of the plant and the mathematical model are used to patiiEcsystem into
autonomous estimation and control nodes.

In [3] and [8] a distributed control is applied to a system composed by af $étoscillators with
one spatial degree of freedom. These oscillators are coupled by smamgecting each one with
the two nearest neighbors. An exogenous vertical force is usechémeldoput for each oscillator as
shown in Fig! 1.2

In [2], a system based on pendulums in which each pendulum is conrtecaedther one by a
linear frictionless spring is presented. These pendulums are arraitigedie straight lines or arrays.
The state of each pendulum is composed of its oscillation angle, its rotatigyie) and the derivatives
of these angles. The controlled inputs are two forces acting horizontally.f@ce is directed as the
horizontal component of the tangent to the trajectory of the pendulums emdttér one is orthogonal
to the first force. In Figure 1.3, a scheme of the pendulum array is shown

The control task for the pendulums system is analogous to a transient stpbilitlem in an
electric power system in a lower-scale way. Specifically, the pendulunaparated in synchronism
mode at a fixed frequency (since the pendulums and springs are frisothés condition requires no
control forces for its continuation). Attime zero, all the pendulums aréawanty disturbed. The prob-
lem is to bring the pendulums back to their pre-disturbance synchronadgioo by simultaneously
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Figure 1.2: Oscillators array. Taken from [3]

v

minimizing the cumulative error from the desired trajectory and the controlractst.

Other well-known toy problem to test a distributed model predictive conttedisie is the system
proposed in [1] and [6]. In these contributions, a two-area electricep@ystem is used to test a
distributed model predictive control scheme applied to load frequendyatorin a power system
with two or more independently controlled areas, the generation within eaalmaust be controlled
to maintain the system frequency and the scheduled power exchanges.drample, it was assigned
a model predictive controller to control the generator power outputttiirethus, each area can be
described as one equivalent generator in series with an impedancerelimis system is also used in
[11] to test a distributed model predictive control scheme applied to the atitogeaeration control
stage, adding compensation devices.

In order to illustrate the use of some concepts and approaches of gamg dppbed to model
predictive control, in [9] it is proposed as example a simple vehicle format@onsider a simple
model for the vehicle formation involving three vehicles. kef, xo» andxsz be the positions of the
three vehicles relative to some (possibly moving) coordinate system. Assatntnéhfirst vehicle
controls its own positiorxy; and it is penalized for deviations from a given reference valudhe
second vehicle controbg, and carries a cost dependingxan , but also orx;1. Similarly, the third
vehicle controlxsz and pays a cost that dependsx@gandx,,. The objective is to find a distributed
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(Ln (1.2) (1.3)
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Figure 1.3: Pendulum array. Taken from [2]

scheme for the coordination between vehicles. In[Fig. 1.4 the cars anlayagables assignation are

shown.

Vehicule 1 Vehicule 2 Vehicule 3

Figure 1.4: Cars array and variables assignation. Taken from [9]
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Chapter 2

DMPC applied to a simple toy problem

In order to illustrate the MPC-based methods for distributed control, angagjem is proposed.
This problem is the distribution of an MPC in a spatially distributed system. Theecoad phenom-
ena are the heat conduction and convection in a rigid rod.

2.1 A Heat Conduction and Convection model [5]

Consider a solid rod. Assuming a uniform composition of the material, and #tgphenomena are
given predominantly at one axis (x-axis), then an energy balanceecarable to an internal slice, as
itis shown in Fig| 2.1:

Co(ArOX)— = | K=
P P( T ) ot Ix2

wherep is the density of the rodC, is the heat capacity per unit of mags,is the thermal
conductivity, P is the perimeter of the cross-sectional circumferembeis the width of the slice,
Ar = Poxis the area exposed to the environmdnis the temperature inside the slicegandt are the
spatial and temporal variables, agik,t) is a generation function defined as:

al ( 02T+g(x,t))ATo"'x (2.2)

g(X,t)Arox = Q(X,t)POX+ h(Tew — T (X,1))PoX (2.2)

Heat
Convection

Vo |
Heat I 1
Conduction : h lll

Figure 2.1: A Rod. One dimensional heat exchange.
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with Q(x,t) the heater power per unit of ardethe convection coefficient, ard,, the temperature
at the environment.

Then, replacing (2.2) in (2.1), a final PDE is obtained:

oT 1 °T P . hP

To model the ends of the rod, an additional assumption must be made: theetongphenomena
is only given in one direction.
2.1.1 Model Discretization

In order to solve numerically the previous model, it is mandatory to approximatpattial deriva-

tives. A straightforward way to do this is applying the finite differences ntetAtis method uses
an approximation of the derivatives based on a truncation of the Tayless# the first order term.
Then a derivative can be expressed as:

ou U1 —U

oh™  Ah (24)
ou Ui—Ug

1™~ (2.5)
ou _Uis1—Uig (2.6)

oh™  2Ah
wherei is the discretization variable. Eqgs. (2.4), (2.5), and (2.6) are knoworasfd, back-
ward, and central approximations of the derivative respectively. elfpifevious approximations are
successively applied, then second order derivatives can be &mind

0% U2 —2Ui_1+U

hilhalPV 2.7
on? Ah? 2.7)
0%u U —2u_1+U2

on2 "~ AR2 (2.8)
0%U Uiy —2Ui+ U1 2.9)

on2 "~ AR?
If the approximations are applied to the rod equation, then three equatiohbemnsidered:

dTi 1 [ T —2Ti+Tig P . hP
ahi O (Taw—T, 2.1
& oe [ e Ot (=T (2.10)
dT 1 [ Ta-T P. hp |
@ oG, [K Ax —i—EQ.—i-AT (Tenv T.)] (2.11)
df 1 [ T4.-T P . hpP |
o o [K Ax +EQI+A7T(T6W -ﬂ)] (2.12)

with i the discretization variable at x-axis, aAd the length of the differential spatial partition.
Egs. (2.11), and (2.12) are applied at the ends of the rod| Eq. (2. 40plied inside the rod, when the
slice is between two neighboring slices. The number of equations are thasaasitions considered
in the rod.
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A
-
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A

Figure 2.2: Spatial discretization in a rod.

2.1.2 State-Space Model

Consider a generic state-space model:

y—ox (2.13)

herexis the state of the systemy, is the input, ang is the output or measured variables. Moreover
AeR™" Be R™M andC € R™P, with nis the number of states)is the number of inputs, arglis
the number of outputs. As the new model has finite dimension due to the distioetiabthe PDES,
a state-space framework can be used to represent the entire physieah s

Consider first a possible discretization of a rod as in the[Fig (2.2). Thelnbtiee rod can be
written as Eq./(2.13), using Egs. (2.10) to (2.12):

-1 1 0 [ 1 0]
1 -2 1 hp 1
K
Ar = - - (2.14)
CpAX CpA
e 1 -2 1 | P 1
0 1 -1 | K 1]
- P hP
PCpAT 0 ‘ PCpAr
0 _P_ | _hP_
PCpAT ' PCpAr
Br = . . ‘ . (2-15)
P | hP
PCpAT P%;;DAT
| 0 - 0 ca | soar |
. T
withx=[ Tt T -+ Tne1 T | Ua=[01 02 - One-1 One Tenw |o 01 G2, oony ONe—1,

andqy, the heat power applied to each resistance or actustpandBg the rod matricesC. depends
on the number and location of measured states.

2.1.3 Model parameters

As it was mentioned, the model parameters are strongly dependent of theaimaftany element.
In this case, the model parameters were taken from [10], and theseraistent with EN AW1350-
F Aluminum. Also, it is always assumed that the rod is inside a room with a gimemoament
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temperature. The parameters are presented in Table 2.1. Further dethidsspzframeters can be
found in [10].

Table 2.1: Model parameters

| Symbol || Parameter | Min || Nominal || Max || Units |
| o | Density | 2600 2700 | 2800 || Kg.m™® |
| « | Thermal conductivity [ 230 | 230 [ 234 [Wm K]
[ Cp | Heat capacity per mass unit | 900 || 900 900 || JK1Kg™? ]
| Qrmax || Max heat power per area unit (rof)0 || 200 | 2000 || W.m~2 |
[h | Convection coefficient [2 J10 [25 [[wm?ZK!]
[ Ter | Environment temperature [ 291 || 298 [ 303 || K |

2.2 Centralized MPC (CMPC) as a reference controller

In this Section, a centralized MPC is shown in order to get a baseline fortt@mance such that
it can be compared with the DMPC scheme. Consider a rod with a lengti,&fril it is discretized
in space such that there are 20 partitions. Then a state-space modelsedniyo20 differential
equations can be obtained as it was presented earlier. In this case, Sila@cipsariables were
assumed, that is, 5 heaters located at 1, 5, 10, 15, and 20 discreteiptuntise rod. With this
configuration, state controllability can be proven at the system. For cqnirpbses, it is assumed
total accessibility of the system state by means of an ideal observer.

A linear MPC controller is designed with a prediction horizon of 10 time stepsaacdntrol
horizon of 2 time steps. The control actions are constrained following tiaensers afore mentioned.
Consider first a regulation problem with a set point of ROFigure 2.3 shows the closed loop response
of the system.

From figures 2.3 to 216, it can be seen that the controller regulates thensststtes at the desired
values at the heating points, but in the remaining points, due to the convedtiothesenvironment
and with the neighboring points, the temperature profile falls, leading a sstatdyerror (Figures 2.3
and 2.4). Moreover, the control inputs applied by the CMPC are insidedmaid defined for their
(0 < u< 20000). It can also be seen an oscillatory behavior at the beginning of the sinmylatitl
the steady state of the system is achieved.

2.3 DMPC Controller

To implement the centralized MPC, the following cost function was used:

NP Ny

- T T
rggll(?t;[e (k+t)Qe(k+t)]+t;[u (k+t)Ru(k+1)] (2.16)

whereNp > Ny, € R, ande(k+t) = yret (K+t+1) —y(k+t+1).
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Temperature in the Rod

310~

(o)
[=]
a

300+

Temperature [K]

Tirme [3] 00

Distance [m]

Figure 2.3: Dynamical response of the controlled system

Temperature in the Rod
3107 TP PRI s s R s PR PR PR :

aogth/ W e

Z

o 304

2

©

o

o

£ B0Z NI |

LF)

'_

D TR e

s N SRUUURR TR e ST b SRS SUU ST T 3

SO N W S SN SN SN SN S S N
0 1000 2000 3000 4000 5000 6000 7000 8000 S000 710000

Time [s]

Figure 2.4: Dynamical response of the controlled system (Temperattiraerplane)
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Control Action
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Figure 2.5: Manipulated variables
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Figure 2.6: Manipulated variables (applied power vs time plane)
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From the discrete linear model of the system

X(k+ 1) = Agrx(K) + Bgru(k)
y(k+ 1) = Carx(k+ 1)
beingAgr, B4r, Cdr the matrices associated with the discrete model of the system, it yields

(2.17)

e(k+1t) = Yret (K+1t+ 1) — Car[AdrX(K+1) 4+ Baru(K +1)] (2.18)

Since the discretization process does not change the diagonal strofctiaeematrices\r, Br, Cr
of the continuous model of the system, the rod model can be decompose@\vertalssubsystems
coupled by its dynamics. In this case, only two subsystems are considéresl the discrete model
of the plant can be expressed as

Reae P oo A |
T he

whereA;j, Bij, i # | are the matrices representing the interaction between the subsystems.
From the block formulation 2.19, the prediction error can be written as

e(k+t) = [ Yiref (K+t+1) —Cixg(k+t+1) ]

Yoref (K+t+1) —Coxo(k+t+1)
Thus the quadratic term associated with the error in the MPC formulation become

(2.20)

& (k+)Qe(k1) = | Yaret (K+t+1) —Cra (k- t41) }T { Qu Qu2 } [ Yaret (K+t+1) —Cyxg (K+t+1)

Yoref (K+t+1) —Coxp(k+t+1) Q21 Q22 | | Yaref (k+t+1) —Coxp(k+t+1)
(2.21)
AssumingQ;j =0V i # j the expression 2.21 is equals to:
e’ (k+t)Qe(k+1t) =] (K+t)Quier(K+1t) + €5 (k+1)Qaoea(k+1)
(2.22)

= iQT(kH)Qiia(kH)

Therefore, the global cost function can be expressed as the sweweshislocal cost functions (in
this case two), a DMPC can be applied to control this system and its formulatioecwritten as:

er)]iiJi [Xi(k,t),ui(k,t)]

stix(k+t+1) = Ax(k+t)+Bjui(k+1) (2.23)
Yi(k+t+1) =Cx(k+t) + Djui(k+1)
operational constraints
whereJi[x(k,t),ui(k,t)] = t'\I:pil[qT(k-i-t)QiiQ(k—l-tﬂ +Eﬁ';‘l[uiT(k—H)R”ui(k—H)L Qii,Ri > 0.
Now, in order to test the DMPC formulation for the Heat Conduction and €ctisn System, two
situations are proposed:
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1. Case 1:To regulate all temperatures of the rod akK350

2. Case 2:To regulate all temperatures of the rod aK3%xcept in the subsystems boundary
where the reference value was 400

The performance of the system in the first case is shown in the Figure Re7TDMPC proposed
tries to control the temperature profile of the rod (Figure 2.7) as it can é@ seowever due to
the prediction model has a big error at the point where the subsystemsgted, the set point
achievement is not possible as with the CMPC.

Temperature in the Rod

380
340

320

Temperature [K]

1

i 0
Time [s] 0 Distance [m]

Figure 2.7: Temperature profile along the rod (first case)

Figures 2.8 and 2.9 present the behavior of the system in the second-@ae® 2.8, shows the
temperature profile of the rod. Similar to the first case, the performandevadnby the DMPC is
worst than the achieved with the centralized MPC, in terms of the deviationtfremeference value.
However, due to the reference value in the common boundary of thestebsyywas different than
the other points along the rod, the performance in this case is better tharnibeeadn the first case.
The simulated temperature profile for the rod in this case is shown in Figure 2.9.

The control actions are shown in Figures 2.10 to 2.12. Note that the ciomstod the control
inputs are satisfied, that igJ; (< 2000V).

Comparing the control actions of both model predictive control schend®(Cand DMPC), it
is possible to see that the control actions applied by the distributed scheengsaother than the
ones applied by the centralized controller. Also, in the distributed schemetilcactions do not
exhibit the oscillatory behavior presented by the control actions of thieadized controller.
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Temperature in the Rod
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Figure 2.8: Temperature profile along the rod (second case)

Temperature in the Rod

Time [s] o0

Distance [m]

Figure 2.9: Predicted temperature profile along the rod (second case)
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Control Actions on the Rod
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Figure 2.10: Control actions of the subsystem one (second case)
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Figure 2.11: Control actions of the subsystem two (second case)
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Control Actions on the Rod
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Figure 2.12: Control actions of the whole system (second case)
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Chapter 3

Conclusions

The reviewed distributed scheme makes clear the fact of having strategiesdént on the interaction
among subsystems (interactive dynamics, interactions among local catbfig) and interaction
among local constraints from one node to each other). Then, solutierisaaed on those types of
interaction, making the theory of distributed control hard to generalize. tBubkese difficulties,
toy problems play an important role in order to identify the possible troublesgedscale systems
implementations.

A distributed model predictive control strategy was tested, based ondtin& the performance
cost function can be decomposed as a sum of several local fundtidhgs(case two). In this strategy
a one step time delay was considered in the communication process. Thisysirasegsted in a heat
convection and conduction system. The performance of the system withidpesed strategy was
compared with the performance achieved using a centralized model prediotitrol scheme. From
this comparison, it is possible to conclude that it is imperative to improve the eledaciliation at
the common boundary of the subsystems, in order to achieve a bettempenfoe in DMPC schemes,
applied to systems continuous in space.

Finally it can be stated that toy problems allows to understand some troublegetieale systems
like coupling, interconnection and interaction among subsystems. Thess miuseful mainly to
design of MPC strategies able to guarantee the handling of these additi@maimena.
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