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Executive Summary

In this report, timing and delay related approaches are implemented to three simplecase studies: a
four-tank process, a laboratory heater process, and irrigation channels. The approaches explicitly
deal with timing and delay issues, and to compute the control actions a centralized model predic-
tive controller (MPC), a robust MPC, and a distributed controller are used, according to the most
suitable scheme for each case study. The report is divided as follows:
In Chapter 1 a synopsis of the report is presented, where the main resultsof the subsequent chapters
can be found, as well as their importance for HD-MPC as a whole.
In Chapter 2, an approach to deal with the loss of performance when measurements have a delay
due to communication over networks is presented. The delay is allowed to varyrandomly, and
the estimation of the states is obtained by using a moving horizon estimator (MHE) withvariable
structure. A centralized model predictive controller (MPC) is used to compute the control actions.
The resulting pair MHE-MPC is tested using the four-tank process, and thesimulation results
show a good performance of the approach.
In Chapter 3, the explicit compensation effect is discussed in a robust context. The conditions
to guarantee robust stability and robust constraint satisfaction, in the presence of additive state
disturbances, are presented. A robust tube MPC is applied to guaranteethese conditions and a
first-order plus dead-time (FOPDT) model is considered to take some advantages of the proposed
explicit compensation MPC scheme. Finally the experimental case study used isa laboratory
heater process, and some properties of the proposed algorithm are discussed.
Lastly, in Chapter 4, a distributed control scheme that inherits the interconnection structure of a
string of pools with distant-downstream control is studied. It is shown that the internal time-delay
for water transport from upstream to downstream not only limits the local control performance
of regulating water-levels at set-points and rejecting off-take disturbances in each pool, but also
impacts the global performance of managing the water-level error propagation and attenuating the
amplification of control actions in the upstream direction. The decoupling termsin the distributed
controller helps to improve global closed-loop performance by decreasing the low-frequency gain
of the closed-loop coupling. Moreover, they compensate for the influence of the time-delay by im-
posing extra phase lead-lag compensation in the mid-frequency range on the closed-loop coupling
function.
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Chapter 1

Synopsis of the Report

1.1 Introduction

When a control system is implemented in a hierarchical or in a distributed fashion, with multiple pro-
cessors communicating over a network, both the communication delays associated with the network
and the computation delays associated with the processing time can degrade theperformance of the
system. In this case, the performance of the system may depend not only onthe performance of the
individual components but also on their interaction and cooperation, [45]. A recent literature survey
and analysis regarding timing and delay issues can be found in [23].

In this report, timing and delay related approaches are implemented to three simplecase studies.
The approaches explicitly deal with timing and delay issues, and to compute the control actions in
Chapter 2 a centralized model predictive controller (MPC) is used to control a four-tank process, in
Chapter 3 a robust MPC to control a laboratory heater process, and in Chapter 4 a distributed controller
for irrigation channels.

The aim of this first chapter is to provide to the reader an insight of the main results of this report.
The interested reader can then find more details in the subsequent chapters.

1.2 Variable delay compensation using moving horizon estimation in
model predictive control schemes

When measurements are transmitted from networked sensors to the control system using communica-
tion networks a variable transport delay appears due to communication problems such as: congestion,
noisy environments, error correction sequences, variable routing paths, etc. These delays can cause
deterioration of the performance of the control system. In some cases these variable communication
paths can cause that data measured at time instantk is received after the data measured at timek+d
whered > 0, meaning that data arrives to the controller not only with delay but also in a non-correct
sequence.

Dealing with such challenging situation demands the use of a state observer capable of accommo-
dating large data sequences received at a non-regular basis in orderto estimate correctly the states in
spite of the delays. The only observer strategy with a natural capability to accommodate such irregular
sampling is the Moving Horizon Estimation (MHE) observer. The MHE is a well-known model-based
technique that performs a nonlinear optimization in order to estimate the states of the systems taking
into account the physical constraints on the states, measurements, and inputs [14, 29, 35].

Page 5/57



HD-MPC ICT-223854 Implementation of timing and delay related approaches to simple case studies

In order to deal with the variable transport delay conditions, in Chapter 2 we propose the use of
MHE to estimate the states with the available data organized in stacks while updating the state covari-
ance matrix penalizing only the estimation errors for the available data. Despite of the advantages of
the MHE, if the delay on the measurements is not properly handled, the performance of the estima-
tion may fall. Consequently, a procedure to handle the delays in this type of estimators is developed.
As a simple case study, in order to verify the proposed methodology, a quadruple tank process is
considered. In the simulations, the performance of a pair MHE-MPC is evaluated with and without
the new proposed MHE with variable structure procedure to tackle the problem of the delay in the
measurements of the states.

Assume that a linear model can be derived from the linearization of a non-linear large-scale sys-
tem, around each operating point. The linear model is given by:

x̂(k+1) = A(k)x̂(k)+B(k)u(k)+G(k)w(k)

ŷ(k) = C(k)x̂(k)+ν(k)
(1.1)

wherex̂(k) ∈ R
n andw(k) ∈ R

w are the linearized state and uncertainty respectively,ν(k) ∈ R
p is the

linearized measurement noise, andu(k) ∈ R
m denotes the system input. Moreover, these variables are

constrained as shown in (2.2). Thus, the estimation of the whole state can be formulated as an MHE
problem as follows:

Φ∗
k = min

x0,{w j}k−1
j=0

Φk(x0,{w j}k−1
j=0) (1.2)

with x0 being the initial state. The problem is subject to the following constraints:

x j ∈ X for j = 0, . . . ,k, w j ∈ W for j = 0, . . . ,k−1,

and the cost function is:

ΦT(xT−N,{wk}T−1
k=T−N) =

T−1

∑
k=T−N

‖y(k)− ŷ(k)‖2
Q +‖w(k)‖2

R (1.3)

whereN is the horizon of the MHE. In the context considered here, it is necessary to make a correction
to the traditional MHE scheme in order to assure that the estimator calculates the appropriate value of
the states when the measurements are delayed. With this purpose, a variant of the MHE is proposed.

Let ỹ(k) denote the sequence of available measurements at time stepk. Let d̃(k) denote the
sequence containing the delay associated with each measurement inỹ(k). The sequencẽy(k) may not
contain all the measurements on the window of the MHE because some data havenot yet arrived due
the delay, or may not arrive at all.

Assume that the delay of each measurement belonging toỹ(k) is known and is randomly dis-
tributed. With the sequence of delays it is possible to neglect some terms of the cost function, since
there is no data available to compare the estimated and the measured value. With thisapproach the
MHE problem becomes a variable structure problem, in which the length of the sequence of available
measurements and the dimension of the weighting matrixQ change at each time stepk accordingly
with the available measurements.

So, the expression for computing the estimated output ¯y(k) becomes

ȳ(k) =




ΓN−d1

...
ΓN−dn


x(k−N)+




ΞN−d1

...
ΞN−dn


 ũ(k) (1.4)
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where{d1, . . . ,dn} is the sequence of the delays,Γi = CAi , Ξi = [CAi−1B, . . . ,CB], ũ(k) = [uT(k−
N), . . . ,uT(k−1)]T . Hence the cost function (1.3) becomes:

ΦT(xT−N,{wk}T−1
k=T−N) =

T−1

∑
k=T−N

‖ỹ(k)− ȳ(k)‖2
Q +‖w(k)‖2

R (1.5)

In order to implement the proposed MHE, the following steps are suggested:

1. Given the sequence of measurements{y(k− N), . . . ,y(k− 1)}, and the sequence of delays
{d(k−N), . . . ,d(k− 1)}, arrange the vector of measurements, where each measurement po-
sition is given byd(k−l)

Ts
.

2. With the arranged vector of measurements, identify which block of the matrixQ should be
neglected.

3. Estimate the states according to the MHE.

4. After computing the estimated value of the states, send them to the controller and go back to
step 1.

Next, we compare the performance of the pair MHE-MPC on a four-tank process proposed by
[16], with and without considering the proposed variable structure in the MHE, using a random nor-
mally distributed delay on the measurements.

The target in the system is to regulate the level of the tanks 1 and 2, by modifying the flowsqa

andqb feeding the tanks. In this case we consider as manipulated variables the flows qa andqb, as
controlled variables the levelsh1 andh2, and as estimated variables the levelsh3 andh4. A diagram
and the equations of the system can be found in Chapter 2. In order to testthe proposed MHE, three
cases were considered: the measurements of the states were taken withoutdelay, the measurements of
the states were taken with delay and a fixed structure MHE was implemented and,the measurements
of the states were taken with delay and the proposed MHE was implemented.

When there was no delay in the measurement of the states, the values of the states given by the
MHE converge to their real values. The pair MHE-MPC is able to lead the controllable variables of
the system to their desired values, despite of the changes on the set-point. After the convergence of
the MHE the values of the states estimated by the MHE are the same as their real values. But, if a time
delay is included in the measurements of the states, the performance of the system decreases. Despite
of the convergence of the MHE, the pair MHE-MPC is not able to lead the controllable variables to
their set-point.

In order to avoid the effects of the delay on the system, the proposed MHE was implemented.
In this case, the value of the estimates reached the real values despite of therandom delay and the
changes in the set-points of the controllable variables. In comparison with thebehavior of the system
without delay, with the initial set-point one can observe an expected delay on the convergence of the
controllable variables to their reference values, due to the lack of availabledata for the state estimation.
The proposed variable structure MHE neglected the random delay conditions. However, the control
actions computed by the MPC under random delay conditions and with the proposed variable structure
MHE, were larger in amplitude compared with the control actions without delay and fixed structure
MHE.

As conclusions of this work, under the same conditions, the proposed MHEimproved the per-
formance of the pair MHE-MPC, exhibiting a performance similar than the pair MHE-MPC without
delay. Then, it is possible to conclude that the MHE with variable structure proposed on this work
neglects the effect of the random delay on the measurements.
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1.3 On the explicit dead-time compensation in robust MPC. Applica-
tion to a laboratory heater process

Intrinsic dead-time compensation is one of the advantages of model predictive control (MPC) [5].
However, stability of the MPC schemes is related to a terminal cost, a terminal set,and a stabilizing
control law [26] which are usually derived from a delay-free model. Dead-time compensation schemes
have been known in the control community since Smith’s seminal work [41]. Ingeneral, dead times
are not considered to be a problem for MPC strategies due to the intrinsic compensation property.

Following the ideas of [38, 39], a robust explicit dead-time compensation for constrained linear
systems with additive disturbances will be presented. Additionally, a robustMPC for tracking will
be particularized for first-order plus dead-time models (FOPDT/IPDT) [39] in order to take some
advantages of the proposed compensation scheme, deriving a simple explicit robust control law (see
more details in Chapter 3).

Now, the explicit compensation effect will be analyzed in terms of a state additive disturbance in
order to consider robust stability and constraint satisfaction. Hence, thereal dynamic is represented
by

x(k+1) = Ax(k)+Bu(k−d)+w(k). (1.6)

with x(k) the state,u(k) the input,w(k) ∈ W whereW is a compact polytope that contains the origin.
It is important to emphasize that the effect of noise, external unmeasureddisturbances and process-
model mismatches (including dead-time estimation uncertainty) appears inw(k). A simple idea, dis-
cussed in [36], can be applied to consider a prediction model without dead-time. From the model it
can be observed that there is no effect ofu(k) overx(k+ 1|k), x(k+ 2|k), . . . , x(k+ d|k) due to the
dead-time. As a consequence,x(k+ d|k) depends only on past controls so that it can be obtained
recursively by using

x(k+d|k) = Adx(k)+
d

∑
j=1

[
A j−1Bu(k− j)

]
. (1.7)

A new controlled state can be defined as

x̃(k) , x(k+d|k) (1.8)

Then, by considering the explicit compensation scheme, the predicted behavior can be described
by

x̃(k+1) = Ax̃(k)+Bu(k)+ w̃(k) (1.9)

wherew̃(k) is the effect ofw(k) on the predicted state ( ˜x(k)).
In Chapter 3 it is shown that for a given system, ˜w(k) is uniquely determined byw(k):

w̃(k) = Adw(k), (1.10)

so that forw(k) ∈ W, w̃(k) ∈ Ad
W , W̃.

If there are constraints on the state, it is necessary to guarantee robustconstraint satisfaction of
x(k) instead of ˜x(k). Thus, prediction error should be analyzed once ˜x(k) is the variable used for
control purposes. The following prediction error expression can be obtained (see details in Chapter
3):

e(k) = Ad−1w(k−d)+Ad−2w(k−d+1)+ · · ·+w(k−1). (1.11)

then the prediction error may be bounded by

E = Ad−1
W⊕Ad−2

W⊕·· ·⊕W. (1.12)
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Similarly to [25], once the error is bounded, it can be concluded that if

x̃(k) ∈ X⊖E, ∀k≥ 0⇒ x(k) ∈ X, ∀k≥ d.

Note thatE is also a compact polytope that contains the origin.
Now, the explicit compensation effect will be considered in the context of ageneral control law

κ(·) formulated in terms of the following Lemma, that allows to analyze robustness andconstraint
satisfaction.

Lemma. 1

(i) Let u(k) = κ(x̃(k)) be a control law such that

x̃(k+1) = Ax̃(k)+Bu(k)+ w̃(k)

is input-to-state stable (ISS) with̃w(k)∈Ad
W and F∞ be its minimum robust positively invariant

set.

(ii) Let
x(k+1) = Ax(k)+Bκ(x̃(k−d))+w(k)

be a system with w(k) ∈ W, E =
d⊕

j=1

A j−1
W and

x̃(k−d) = Adx(k−d)+
d

∑
j=1

[
A j−1Bu(k− j −d)

]
.

Then:

(a) System (ii) is input-to-state stable for∀w(k)∈W andσ(x(k),F∞⊕E)→ 0. Moreover, if w(k)→ 0,
x(k) → 0;

(b) If x̃∈ X⊖E, ∀k≥ 0, then x(k) ∈ X, ∀k≥ d.

Qualitatively, it is possible to guarantee that the system without dead-time is constrained to ˜x(k)∈
X⊖E, k≥ 0, then the real state is such thatx(k) ∈ X, k≥ d. This result is somehow general because
the lawu(k) = κ(x̃(k)) is not defined. As a consequence, robust MPC schemes are natural candidates
to guarantee the conditions. In order to ensure that conditions (i) and (ii) holds, we will consider the
tracking problem [22], explained next.

Consider the following uncertain system

x+ = Ax+Bu+w, y = Cx (1.13)

wherex∈ R
n is the current state,x+ is the successor state,u∈ R

m is the current controlw∈ R
n is an

unknown disturbance andy∈ R
p is a desired linear combination of the states. In this case:x = x̃(k),

x+ = x̃(k+1) w = w̃(k), andy = y(k+d|k) subject to compact and convex polyhedral constraints

x∈ X⊖E ⊂ R
n, u∈ U ⊂ R

m (1.14)

and a disturbance constraint
w∈ W̃ ⊂ R

n.
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As proposed in [22], the overall objective is to stabilize the constrained system and steer the state
to a neighborhood of the set-point fulfilling the constraints for any possibledisturbance. For doing
that, a robust MPC strategy based on the notion of tubes and robust positive invariance is considered.

In the robust tube based MPC for reference tracking, the initial nominal state (x(0)), the nom-
inal sequence of future control action (u) and the parameterθ , which defines(xs,us), are decision
variables. The cost function is given by

V(x,yr ;u,x,θ) =
N−1

∑
i=0

||xi −xs||2Q + ||ui −us||2R

+ ||xN −xs||2P +Vo(ys−yr).

wherexi denotes the prediction ofx i-samples ahead,(xs,us) = Mθ θ characterizes the artificial station-
ary point,ys = Cxs is an admissible artificial set-point,yr is the desired reference fory andVo(ys−yr)
is an off-set cost [9]. Therefore, the following optimization problem should be solved at each sampling
instant

min
x(0),u,θ

V(x,yr ;x(0),u,θ)

s.t.

x0 ∈ x⊕ (−Z )

xi ∈ X⊖E⊖Z , i = 0,1, ...,N−1

ui ∈ U⊖KZ , i = 0,1, ...,N−1

(xN,θ) ∈ Ωt,K̄ .

whereΩt,KΩ is an extended invariant set for tracking by using a given stabilizing controllerKΩ. Finally,
The MPC control law is

KMPC(x,yr) = u∗(0;x,yr)+K(x−x∗(x,θ))

whereu∗(0;x,yr) is the first element of the optimal nominal control sequence (u) andx∗ is the optimal
nominal value forx(0). The interested reader can see in Chapter 3 the additional assumptions on the
MPC parameters to guarantee stability.

In the presence of persistent disturbance, an undesired error will appear because the stationary
point parameterization does not consider this disturbance. In this case, amodified referenceym

r (k)
may defined by

ym
r (k) = yr −yw

s (k) = yr −Mŵ(k)

whereM ∈R
p×n is a constant matrix and ˆw(k) is an estimation ofw(k). If the disturbance estimator is

stable and converges to ˆw(k) = w(∞), theny(k) will converge toyr if it is admissible. Due to separation
principle, if ŵ(k)∈W, this outer loop does not affect stability because constant disturbance estimation
in not related with MPC control law.

The proposed robust tube based MPC will be particularized to discrete FOPDT models. This is
motivated by some reasons: these kind of models are common in practice, it becomes much easier
to analyze and to obtain the invariant sets, it is not necessary to consider state-estimation and the
discussions about dead-time compensator effect becomes more intuitive [39].

Now, consider a model given by

P(z) =
kp

z−a
z−d
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and a dead-time free state-space representation(A,B,C,D) with A = [a], B = [kp], C = 1 andD = 0.
In this case, the stationary point parameterization can be defined in such a way thatθ is the desired
reference (θ = yr ) with Mθ = [1 (1−a)/kp]

′ andNθ = 1.
Now, it will be considered that the feedback law is in the formK = (b−a)/(kp) in such a way that

A+BK = b with 0≤ b < 1, the constraints areU = {u : umin ≤ u≤ umax}, X = {x : xmin ≤ x≤ xmax}
and the disturbance is in the intervalW = {w : wmin ≤ w≤ wmax}. In this case, the disturbance effect
is given by:

Z = ad
W⊕bad

W⊕b2ad
W⊕b3ad

W⊕ ...

=

{
ζ :

ad

1−b
wmin ≤ ζ ≤ ad

1−b
wmax

}
; (1.15)

E = W⊕aW⊕a2
W⊕ ...⊕ad−1

W

=

{
ε :

(1−ad)

1−a
wmin ≤ ε ≤ (1−ad)

1−a
wmax

}
. (1.16)

As it was already pointed out that for stable processes the smallerZ is, the larger the delay is.
As consequence, the nominal control constraint,U, is larger. However, in the case of the nominal
constraint on the state (output), it can be shown thatX gets smaller for longer delays only if the closed
loop response is slower then open-loop one. In general (b < a), the longer the delay is, the larger
the prediction error bound is, which makes it more difficult to guarantee state(output) constraints
satisfaction.

A laboratory heater process case study is considered. In this system, it isdesired to control the
temperature in the outlet side of a tube. A constant air stream is used to transfer heat from the heater
to the output of the tube where there is a thermistor. An input tension is used to adjust the power
dissipated in the heater meanwhile an output tension is used to obtain the temperature information.
Both input and output tensions have the same range. In order to emulate input disturbances, the air
stream flow can be manually modified.

Simulated results with the nominal model are obtained first. These results are useful to illustrate
the robust tube idea: at each sampling instant, the optimal nominal value of the prediction (y∗(k+
d|k)), which may be different from the prediction (y(k+d|k)), is protected by an inner and an outer
intervals. The smaller one would be enough to guarantee thaty(k+ d|k) respect the constraints but,
the larger one is imposed to ensure that the real future output respect theconstraints. Due to the fact
thaty(k+d|k) is considered for control purposes, it is necessary to consider just the smaller interval
to ensure control constraint satisfaction and recursive feasibility (robust stability).

Constant unmeasured disturbances are inserted in the control. The simulation results illustrate
that: (i) this algorithm is not conservative in the case of constant disturbances and (ii) constraint
satisfaction may be violated if the external interval is not considered.

In the experimental results, disturbances were applied by varying the air stream flow manually.
Apart from the noise effect, the results are somehow similar to the simulated case. It is interesting
to observe that disturbance dynamics varied naturally during the processoperation. It should be also
noticed that disturbance variance changed during the process operation but this effect does not affect
control signal due to the disturbance estimation filter. Moreover, constantdisturbance rejection was
properly performed as expected.
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1.4 Stability and performance analysis of irrigation channels with dis-
tributed control

In irrigation systems water is drawn from a reservoir and distributed through the main channel and
many secondary channels to farms. Along the channels, mechanical gatesare installed to regulate the
flow. A stretch of water between two neighboring gates is called a pool. An irrigation network is of-
ten gravity-fed (i.e. there is no pumping); to satisfy water-demands from farms and to decrease water
wastage, the water-levels in the pools should be regulated to certain setpoints.To avoid the excessive
communication load for large-scale system, decentralized control is preferred to centralized control.
The control objectives for large-scale irrigation network involve: locally, setpoints regulation, rejec-
tion of off-take disturbances, avoiding excitement of dominant waves and, globally, management of
the water-level error propagation and attenuation of the amplification of control action in the upstream
direction.

One big issue in control design for an irrigation network comes from the time-delay in each pool,
i.e. the time for transporting water from the upstream gate to the downstream gate. In Chapter 4, the
impact of the internal time-delays on the local and global control performance is analyzed. Further,
we discuss how the distributed control scheme compensates for such impact.Although the chapter
focuses on irrigation networks, the discussion can be extended to many practical networks that involve
internal time-delay.

A simple model of the water-level in pooli can be obtained by conservation of mass [6, 43]:

αi ẏi(t) = ui(t − τi)−vi(t)−di(t),

whereui is the flow over the upstream gate,vi the flow over the downstream gate,di models the off-
take load-disturbances from pooli ; τi is the transport delay of water from upstream gate to downstream
gate of the pool, andαi a measure of the pool surface area. Taking the Laplace transform, yields

Pi : yi(s) =
1

sαi

(
e−sτi ui −vi −di

)
(s). (1.17)

wherePi is the nominal model for pooli . Some of the notations that will be used are: the variableKi

is split into a loop-shaping weightWi and a compensatorK∞i , yK
i anduK

i are input from and output to
the shaped plant, respectively. Designing of the distributed controller consists of the following three
steps, which are consistent with the well-knownH∞ loop-shaping approach [28].

1. DesignWi to shapePi based on local performance. Typical off-takesdi are step disturbances;
based on the internal model principle [13], a simple selection could beWi = κi

s for zero steady-
state water-level error. For robust stability,κi is selected such that the local crossover frequency
ωci ≤ 1/τi (see [40]). Denotezi :=

(
ei ,uK

i

)T
and ni := (r i ,∆ui ,di)

T , with r i the water-level
setpoint and∆ui modeling additional uncertainty in flow over gatei . For a channel ofN pools,
Let Gs := (Gs1, . . . ,GsN) denote the interconnection of the shaped plant

Gsi :=
( vi

ni

uK
i

)
7→
(wi

zi

yK
i

)

=




0 (0 1 0) 1(
1

sαi
0

) (
1 e−sτi

−sαi
1

sαi
0 0 0

) (
e−sτi
−sαi

1

)

Wi
sαi

(
Wi

e−sτi Wi
−sαi

Wi
sαi

)
e−sτi Wi
−sαi




with vi = wi+1 and boundary conditionvN = 0. Note that such a boundary condition is possible
with distant-downstream control.
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2. SynthesizeK∞i to cope with the tradeoff between local performance and closed-loop coupling.
Let K∞ := (K∞1, . . . ,K∞N) denote the interconnection of

K∞i :=
(

vK
i

yK
i

)
7→
(

wK
i

uK
i

)

with vK
i = wK

i+1 and boundary conditionvK
N = 0; and letH(Gs,K∞) denote the closed-loop trans-

fer function from(n1, . . . ,nN)T to (z1, . . . ,zN)T . The synthesis problem is formulated as

min
K∞∈Ksyn

γ

subject to (1.18)

‖H(Gs,K∞)‖∞ < γ

whereKsyn represents the set of stabilizingK∞’s. Note that we use‖·‖∞ to denote theH∞ norm
of a transfer function. Such a structured optimization problem can be solved by employing the
technique in [19], see [20].

3. The final distributed controller is then given by

Ki :=
(

vK
i
ei

)
7→
(

wK
i

ui

)
= K∞i

[
1 0
0 Wi

]
.

For distant-downstream control, the internal time-delayτi limits the local performance. For ex-
ample, the local bandwidth limit of 1/τi is previously considered in the selection of the weight gain,
κi . In this section, the influences ofτi on the closed-loop coupling are discussed. It is shown that such
time-delays, not only make it difficult to manage the water-level error propagation, but also cause
the amplification of control action, in the upstream direction. Further, analysis is made on how the
distributed control compensates for such influences.

For a channel ofN pools



y1

...
yN−1
yN


 =




G1 G̃1

... ...
GN−1 G̃N−1

GN



( u1

...
uN−1
uN

)

+

[
G̃1

...
G̃N

](
d1

...
dN

)
(1.19)

whereGi = 1
sαi

e−sτi and G̃i = − 1
sαi

. It is reasonable to assumevN = 0 as boundary condition for
synthesis of the distributed controller under distant-downstream control. The distributed controller is
represented by

K1 : u1 = [K21
1 K22

1 ]
(

wK
2

e1

)

Ki :
(

wK
i

ui

)
=
[

K11
i K12

i

K21
i K22

i

](
wK

i+1
ei

)

for i = 2, . . . ,N−1

KN :
(

wK
N

uN

)
=
[

K12
N

K22
N

]
eN

This gives the general form of the distributed controllerK:
( u1

...
uN

)
=

[
K11 ··· K1N

...
...

KNN

]( e1

...
eN

)
; (1.20)
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where fori = 1, . . . ,N, Kii = K22
i , which takes care of local performance, and the additional decoupling

terms

Ki,i+1 = K21
i K12

i+1, (1.21)

Ki j = K21
i

(
j−1

∏
k=i+1

K11
k

)
K12

j for j > i +1.

Note thatei = r i − yi . Then the closed-loop relationship between water-level errors and off-take
disturbances is:

( e1

...
eN

)
=

[
M11 ··· M1N

...
...

MNN

](
d1

...
dN

)
(1.22)

where fori = 1, . . . ,N, Mii = −G̃i (1+GiKii )
−1 and for j ≥ i +1

Mi j = Mii

j

∑
k=i+1

(
Ki+1,k−Kike−sτi

)
Mk j. (1.23)

We see that the closed-loop transfer matrix is upper-triangular, hence themultivariable system inherits
the local stabilities. That is, the multivariable system is stableif and only if all monovariable systems
are stable. Since all the lower off-diagonal entries are null, even for model mismatch, robustness is
also inherited from local systems. A perfect decoupling is achieved if forall j > i,

Ki+1, j −Ki j e
−sτi = 0. (1.24)

This requiresKi j = Ki+1, jesτi , which is non-causal and hence impractical.
Next, analysis of global closed-loop performance is made on the two typicalcoupling properties of

a (distant-downstream) controlled irrigation channel: water-level error propagation and amplification
of control action. Assume onlydN occurs in the system, whiledi = 0 for i = 1, . . . ,N−1. Then from
(1.22),

Tei+1 7→ei := Mi,NM−1
i+1,N

= Mii (Ki+1,i+1−e−sτi Ki,i+1) +

Mii

N

∑
k=i+2

(Ki+1,k−Kike−sτi )MkN

(
Mi+1,i+1

N

∑
k=i+2

(Ki+2,k−Ki+1,ke−sτi+1)MkN

)−1

.

Small‖Tei+1 7→ei‖∞ (e.g.≪ 1) represents a good management of the water-level error propagation.
The coupling of control actions responding todN is

Tui+1 7→ui :=
N

∑
k=i

KikMkN

(
N

∑
k=i+1

Ki+1,kMkN

)−1

.

The following discussion shows that‖Tui+1 7→ui‖∞ > 1.
For an irrigation channel with purely decentralized feedback control, i.e.K in (1.20) being diago-

nal,Tui+1 7→ui = Mii Kii =−G̃iKii
(
1− G̃iKii e−τis

)−1
. Note thatG̃iKii involves two integrators. Applying

Lemma 9.3 of [13], it is straightforward to prove‖Tui+1 7→ui‖∞ > 1.
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Generally, under distant-downstream control (i.e. without the constraintsthatK in (1.20) be diag-
onal), to compensate the influence of the internal time-delay, the amplification ofcontrol action in the
upstream direction is unavoidable.

The synthesis ofK∞ copes with the tradeoff between the local performance and the decoupling of
the closed-loop system. To see how the distributed controller compensates for the influence of internal
time-delays, we study the time and frequency responses of a string of threepools with distributed
control.

The three pools are taken from Eastern Goulburn No 12, Victoria, Australia. The closed-loop
coupling termMi j is composed ofMk

i j := Mii (Ki+1,k−Kike−sτi )Mk j for k = i +1, . . . , j. Regarding the
impact ofKik onMk

i j in the three-pool example, it is observed that:

1. Kik decreases the gain ofMk
i j at low frequencies where typical off-take disturbances are signifi-

cant;

2. Kik operates onMk
i j by imposing onMii Ki+1,kMk j an additional phase lead-lag compensation

around the frequency of 1/τi .

The first observation explains why withKi j operating on the closed-loop, a better management of
water-level error propagation is achieved. Although it is difficult to directly make conclusions of
global performance from the second observation, time-responses of control actions show that with the
Ki j ’s the closed-loop predicts the influence of the internal time-delays and thatthe control action in
response to off-take disturbance is faster than that without theKi j ’s.

The analysis shows that the distributed controller compensates the time-delay influence by de-
creasing the low-frequency gain of the close-loop coupling term and imposing extra phase lead-lag
compensation in the mid-frequency range on the closed-loop coupling term.

Based on the above observations of the function of the decoupling terms ofthe distributed con-
troller, it is of interest in future research to investigate the involvement of similar components, e.g.
phase lead-lag in decentralized feed-forward compensators, in additionto the purely decentralized
feedback controller, for a better global closed-loop performance.
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Chapter 2

Variable Delay Compensation Using
Moving Horizon Estimation in Model
Predictive Control Schemes

2.1 Introduction

When measurements are transmitted from networked sensors to the control system using communica-
tion networks a variable transport delay appears due to communication problems such as: congestion,
noisy environments, error correction sequences, variable routing paths, etc. These delays can cause
deterioration on the performance of the control system. In some cases these variable communication
paths can cause that a data measured at time instantk is received after the data measured at time
k+d whered > 0, meaning, data arrive to the controller not only with delay but also in a non-correct
sequence.

Dealing with such challenging situation demands the use of a state observer capable of accom-
modating large data sequences received at a non regular basis in orderto estimate correctly the states
in spite of the delays. This problem can be seen in a similar way as inferential sensors are used in
chemical applications were variable delayed lab samples are used together with regular sample to
reconciliate model based predictions. The only observer strategy with a natural capability to accom-
modate such irregular sampling is the Moving Horizon Estimation (MHE) observer.

The MHE is a well known model based technique used to estimate the states and parameters of
a wide variety of plants. It performs a nonlinear optimization in order to estimate the states of the
systems taking into account the physical constraints on the states, measurements and inputs [14, 29,
35]. This estimation technique has shown excellent results when used in non-linear processes, where
restricted control actions and constrained states are enforced in orderto guarantee stability [3, 15].

The finite moving horizon of the MHE is a fixed-size window observer that only takes into account
the lastN time instants. The window size must guarantee enough information to reconstruct the states
while compensating modeling and measurement errors. The size of the windowis chosen according
to the dynamics of the plant, roughly around the settling time.

In order to deal with the variable transport delay conditions, we proposeto organize the incoming
data from the sensors into a stack assuming that each package with a measurement includes the time
stamp when the measurement was taken. Then the MHE estimates, at each time instant, the states
with the available data organized in the stack while updating the state covariancematrix penalizing
only the estimation errors for the available data. Then we can say that this methodology applies state
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corrections only if the evidence coming from the sensor is telling so. In order to verify the proposed
methodology, a quadruple tank process is implemented without and with delay conditions on the state
measurements. As a result, the performance of a pair MHE-MPC was evaluated with and without the
proposed variable structure MHE.

This Chapter is organized as follows: Section 1 presents the problem statement, Section 2 presents
the simulations results, and Section 3 presents the conclusions and future work.

2.2 Problem statement

Moving Horizon Estimation (MHE) strategies were born as a dual problem ofthe Model Predictive
Control (MPC). Despite the similarities among MPC and MHE, MPC technology was successfully
developed and exploited in oil refining industry, whereas MHE theory remained to be a topic of study
in academia with very few industrial applications [1].

The basic strategy of MHE reformulates the estimation problem as a quadratic problem using a
moving, fixed-size estimation window. The fixed-size window is needed in order to bind the compu-
tational effort to solve an otherwise infinite sized problem. This is the main difference of MHE with
the batch estimation problem (or full information estimator) [10, 1, 37]. Once anew measurement is
available, the oldest one is discarded, using the concept of window shifting.

The main advantage of MHE in comparison with other estimation schemes (like the Kalman
Filter) is the straightforward constraint handling inside the optimization problem,and the possibility
to propose a cost function. However, as MHE is a limited memory filter, stability and convergence
issues arise. A review on latest developments on MHE procedures was published by Garćıa and
Espinosa in [12].

Despite of the advantages of the MHE, if the delay on the measurements is not properly handle,
the performance of the estimation may fall. Consequently, a procedure or method to handle the delays
in this type of estimators should be developed. Below, the MHE is introduced and a procedure to
tackle the problem of the delay in the measurements of the states is presented.

2.2.1 Moving horizon estimator

Assume a large-scale system modeled by the following nonlinear differenceequation:

x(k+1) = f (x(k),u(k))+g(x(k),w(k))

y(k) = h(x(k))+v(k)
(2.1)

where some constraints are imposed over the state variables, disturbances, and measurement noise as
follows:

x∈ X, w∈ W, andν ∈ V (2.2)

wherex(k) andy(k) are the state and output atk sample,w(k) is the disturbance or model uncertainty,
v(k) is the measurement noise, andX, W, V are the feasible sets of the states, disturbances, and
measurement noise, respectively. Also,f : R

n → R
n, g : R

n×R
m→ R

n with g(·,0) = 0, andh : R
n →

R
p. Finally, it is assumed thatX andW are closed with 0∈ W.

A linear large-scale constrained system generating the measurement sequence{y(k)} can be de-
rived from a linearization around each operating point of (2.1) as:

x̂(k+1) = A(k)x̂(k)+B(k)u(k)+G(k)w(k)

ŷ(k) = C(k)x̂(k)+ν(k)
(2.3)
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where for simplicity ˆx(k) ∈ R
n andw(k) ∈ R

w are the linearized state and uncertainty respectively,
ν(k) ∈ R

p is the linearized measurement noise, andu(k) ∈ R
m denotes the system input. Moreover,

those variables are constrained as shown in (2.2). Thus, the estimation of the whole state in (2.3) can
be formulated as an MHE problem as follows:

Φ∗
k = min

x0,{w j}k−1
j=0

Φk(x0,{w j}k−1
j=0) (2.4)

with x0 being the initial state. The problem is subject to the following constraints:

x j ∈ X for j = 0, . . . ,k, w j ∈ W for j = 0, . . . ,k−1,

and the cost function is:

Φk(x0,{w j}k−1
j=0) ,

k−1

∑
j=0

‖y( j)− ŷ( j)‖2
Q +‖w( j)‖2

R (2.5)

The problem (2.4) gets more information as time goes and the optimization becomes intractable be-
cause the computational complexity increases at least as a linear function oftime, making difficult its
treatment on-line. In order to avoid this problem, a fixed dimension optimal problem by a moving
horizon approximation was proposed in [1, 8, 35, 37]. With this approach, the cost function (2.5) can
be written as

ΦT(xT−N,{wk}T−1
k=T−N) =

T−1

∑
k=T−N

‖y(k)− ŷ(k)‖2
Q +‖w(k)‖2

R (2.6)

whereN is the horizon of the MHE. Considering (2.6) as a cost function in the original MHE problem,
the complexity of the MHE increases at least as a linear function of time until the horizonN is reached.
When the horizonN is reached the complexity of the MHE problem remains constant.

2.2.2 Delay compensation using Moving Horizon Estimation

In Subsection 2.2.1, the MHE problem was introduced. In this subsection it was assumed that the
measurements of the states arrive once they were taken. However, in real applications where com-
munication networks are used to transmit the data measurements there are always delays associated
transportation of the information. This may affect the performance of the estimator. Figure 2.1 shows
a block diagram considering the delay on the transmission of the measurementsof the states.

If there exists a delayd(k) on the measurement of the states the estimation is made based on
(2.3), which does not represent the dynamic behavior of the system (2.1), especially if the delay
varies randomly because it is possible that future measurements of the statesarrive before previous
measurements. Then, the estimator may not be able to find the real value of the states, decreasing the
performance of the pair MHE-controller, and thus decreasing the performance of the entire system.

Therefore, it is necessary to make a correction at the traditional MHE scheme in order to assure
that the estimator calculates the appropriate value of the states. With this purpose, a variant of the
MHE presented in Subsection 2.2.1 is proposed. It uses a time variant weighting matrixQ, to compute
the term‖y(k)− ŷ(k)‖2

Q in (2.6).
Consider the system shown in Figure 2.1. Letỹ(k) denote the sequence of available measurements

at time stepk. Let d̃(k) denote the sequence containing the delay associated with each measurement
in ỹ(k). The sequencẽy(k) may not contain all the measurements on the window of the MHE because
some data have not yet arrived due the delay, or may not arrive at all.
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Figure 2.1: Block diagram of a control system considering the delay on thetransmission of the mea-
surements of the states.

Assume that the delay of each measurement belonging toỹ(k) is known (this is possible by using
time stamps identifying the sending time of each measurement). Also, assume the delays are randomly
distributed, and the delay isd(k) = n×Ts with n ∈ N, beingTs the sampling time. Then, the real
position of each measurement iñy(k) can be identified and sorted accordingly to the time stamps.
Also, with the sequence of delays it is possible to identify which blocks of the weighting matrixQ
should be set neglected, since there is not data available to compare the estimated and the measured
value. With this approach the MHE problem becomes a variable structure problem, in which the length
of the sequence of available measurements and the dimension of the weighting matrix Q changes at
each time stepk accordingly with the available measurements.

So, the expression for computing the estimated output ¯y(k) becomes

ȳ(k) =




ΓN−d1

...
ΓN−dn


x(k−N)+




ΞN−d1

...
ΞN−dn


 ũ(k) (2.7)

where{d1, . . . ,dn} is the sequence of the delays,Γi = CAi , Ξi = [CAi−1B, . . . ,CB], ũ(k) = [uT(k−
N), . . . ,uT(k−1)]T . Hence the cost function (2.6) becomes:

ΦT(xT−N,{wk}T−1
k=T−N) =

T−1

∑
k=T−N

‖ỹ(k)− ȳ(k)‖2
Q +‖w(k)‖2

R (2.8)

In order to implement the proposed MHE, the following steps are suggested:

1. Given the sequence of measurements{y(k− N), . . . ,y(k− 1)}, and the sequence of delays
{d(k−N), . . . ,d(k− 1)}, arrange the vector of measurements, where each measurement po-
sition is given byd(k−l)

Ts
.

2. With the arranged vector of measurements, identify which block of the matrixQ should be
neglected.

3. Estimate the states according to the MHE (see section 2.2.1).
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4. After computing the estimated value of the states, send them to the controller and go back to
step 1�

The following section presents some simulation results in order to compare the performance of
the proposed method.

2.3 Simulation results

In this section we compared the performance of the pair MHE-MPC on a four-tank process with and
without considering the proposed variable structure in the MHE, using a random normally distributed
delay on the measurements. First, we performed a simulation without delay in order to set a reference
behavior. Then, we added a random delay on the states measurements to show the loss of performance
of the system when a fixed MHE structure is used. Finally, the proposed MHE with variable structure
was implemented on the same random delay conditions to allow a comparison with the fixed structure
MHE. A time-variant reference value of the controllable variables was used in order to determine the
performance of the pair MHE-MPC on each of the three cases.

2.3.1 System description: the four plant process

The four-tank plant is designed to test control techniques using industrial instrumentation and control
systems. The plant consists of a hydraulic process of four interconnected tanks inspired by the edu-
cational quadruple-tank process proposed by [16]. A schematic diagram of the process is shown in
figure 2.2.

The target in the system showed in figure 2.2 is to regulate the level of the tanks 1 and 2, by
modifying the flowsqa andqb feeding the tanks. In this case we considered as manipulated variables
the flowsqa andqb, as controlled variables the levelsh1 andh2, and as estimated variables the levels
h3 andh4.

From the mass balance and the Bernoulli flow equation, the following model is proposed:

dh1

dt
= −a1

A1

√
2gh1 +

a3

A1

√
2gh3 +

γ1qa

A1

dh2

dt
= −a2

A2

√
2gh2 +

a4

A2

√
2gh4 +

γ2qb

A2

dh3

dt
= −a3

A3

√
2gh3 +

(1− γ2)qb

A3

dh4

dt
= −a4

A4

√
2gh4 +

(1− γ1)qa

A4

(2.9)

whereAi is the cross-section area,ai is the cross-section area of the outlet, andhi is the level of the
tank i, i = 1, . . . ,4. The parametersγ1, γ2 ∈ [0 1] are set prior to the experiment. The flow to tank 1 is
γ1qa and the flow to tank 4 is(1− γ1)qa (and in a similar way for tanks 2 and 3). The acceleration of
gravity is denoted byg. For the control test presented in this work, the plant parameters are shown in
Table 2.1.

Linearizing the model at an operating point given by the equilibrium levels and flows shown in
Table 2.1, and defining the deviation variablesxi = hi −hi0, u j = q j −q j0, i ∈ {1,2,3,4}, j ∈ {a,b},
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Table 2.1: Parameters used for the simulation of the four-tank system
Parameter Units Value

h1max [m] 1.36
h2max [m] 1.36
h3max [m] 1.30
h4max [m] 1.30
h1min [m] 0.20
h2min [m] 0.20
h3min [m] 0.20
h4min [m] 0.20
qamax [m3/h] 3.26
qbmax [m3/h] 4.00
qamin [m3/h] 0.00
qbmin [m3/h] 0.00

a1 [m2] 1.310∗10−4

a2 [m2] 1.507∗10−4

a3 [m2] 9.267∗10−5

a4 [m2] 8.816∗10−5

A1 [m2] 0.06
A2 [m2] 0.06
A3 [m2] 0.06
A4 [m2] 0.06
γ1 0.3
γ2 0.4
qa0 [m3/h] 1.63
qb0 [m3/h] 2.00
h10 [m] 0.6487
h20 [m] 0.6639
h30 [m] 0.6498
h40 [m] 0.6592
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Figure 2.2: Four-tank process

the continuous-time linear model is:

dx(t)
dt

=




−1
τ1

0 A3
A1τ3

0
0 −1

τ2
0 A4

A2τ4

0 0 −1
τ3

0
0 0 0 −1

τ4


x(t)+




γ1
A1

0
0 γ1

A2

0 (1−γ2)
A3

(1−γ1)
A4

0


u(t)

y(t) =

[
1 0 0 0
0 1 0 0

]
(2.10)

whereτi = Ai
ai

√
2hi0

g ≥ 0, i ∈ {1,2,3,4} are the time constants of tanki. For the parameters chosen

the linear system shows four real stable poles and two non-minimum phase multivariable zeros.
With the purpose of applying the proposed MHE, the model (2.10) was discretized with a sample

timeTs = 5 s. The resulting model also was used as a prediction model in the MPC.

2.3.2 Simulation Results

In order to test the proposed MHE, three cases were considered:

1. The measurements of the states were taken without delay.

2. The measurements of the states were taken with delay and a fixed structureMHE was imple-
mented.
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3. The measurements of the states were taken with delay and the proposed MHE was implemented.

In these three cases the reference signal shown in figure 2.3 was considered. The horizon for the
MHE was 200 sample times, and the prediction horizon for the MPC was 90 sampletimes. For the
cases 2 and 3, the delay was considered normal distributed with meanµ = 12 and varianceσ2 = 12
times the sample time.
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Evolution of the reference levels for tanks 1 and 2
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Figure 2.3: Reference signal. Top, the reference for the level of the tank 1, and bottom, the reference
signal for the level of the tank 2.

Figures 2.4 and 2.5 show the behavior of the system (2.9) when there was no delay in the mea-
surement of the states. From Figure 2.4 it is possible to conclude that the values of the states given by
the MHE converge to their real values. Figure 2.5 shows that the pair MHE-MPC is able to lead the
controllable variables of the system to their desired values, despite of the changes on the set-point.

In Figure 2.4, note that after the convergence of the MHE (and despite ofthe changes on the
reference values of the controllable variables) the values of the states estimated by the MHE are the
same than their real values. But, if a time delay is included in the measurements of the states, the
performance of the system decreases, as shown on Figures 2.6 and 2.7.

Figures 2.6 and 2.7 show that despite of the convergence of the MHE, the pair MHE-MPC is
not able to lead the controllable variables to their set-point, and that the delay induce an oscillatory
behavior in (2.9).

In order to avoid the effects of the delay on the system (2.9) (which are displayed on Figures 2.6
and 2.7), the proposed MHE was implemented for the four-tank system. Figures 2.8 and 2.9 show the
behavior of the system when the random delay is considered and the proposed MHE is implemented.
Figure 2.8 shows that the value of the estimates reached the real values without oscillations despite of
the random delay and the changes on the set-points of the controllable variables. Figure 2.9 presents
the entire system behavior. In comparison with the behavior of the system without delay (Figure
2.3), with the initial set-point it is observed an expected delay on the convergence of the controllable
variables to their reference values, due to the lack of available data for thestate estimation. On the
following set-point changes their behavior is quite similar, i.e., the proposed variable structure MHE
neglected the random delay conditions. However, the control actions computed by the MPC under
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Figure 2.4: Evolution of the real and estimated levels.

random delay conditions and with the proposed variable structure MHE, were larger in amplitude
compared with the control actions without delay and fixed structure MHE.

2.4 Conclusions

In this work the problem of the random delay in the measurements of the states was considered. Here,
the delay was assumed random, known, andn times the sample time (n∈ N). In order to handle this
problem a variable structure MHE was proposed, where the delayed measurements of the states were
arranged in a vector of measurements containing the real positions of the arriving values of the states.

As test bed, the four-tank system was used. A pair MHE-MPC was implemented in order to
control it, with two MHE structures: fixed and variable. Variations on the reference value of the
controlled variables were made with the purpose of testing the performance of the pair MHE-MPC.
When a random delay was included into the measurements of the states, the pairMHE-MPC with
fixed MHE structure fell into an oscillatory behavior. Under the same conditions, the proposed MHE
improved the performance of the pair MHE-MPC, exhibiting a performance similar than the pair
MHE-MPC without delay. Then, it is possible to conclude that the MHE with variable structure
proposed on this work neglects the effect of the random delay on the measurements.

Page 24/57



HD-MPC ICT-223854 Implementation of timing and delay related approaches to simple case studies

0 1000 2000 3000 4000 5000 6000
0.4

0.6

0.8

h 
[m

]
Evolution of the states, their reference values, and the control inputs

 

 

0 1000 2000 3000 4000 5000 6000

0.6

0.8

1

h 
[m

]

 

 

0 1000 2000 3000 4000 5000 6000
0.5

1

1.5

h 
[m

]

 

 

0 1000 2000 3000 4000 5000 6000
0

2

4

Time [s]

q 
[m

3 /h
]

 

 
q

a

q
b

h
3

h
4

h
2

h
2ref

h
1

h
1ref

Figure 2.5: Evolution of the levelsh1 andh2, and their reference values (first two panels), of the levels
h3 andh4 (third panel), and of the control inputsqa andqb.
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Figure 2.6: Evolution of the real and estimated levels when the delay is included.
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Figure 2.7: Evolution of the levelsh1 andh2, and their reference values (first two panels), of the levels
h3 andh4 (third panel), and of the control inputsqa andqb, when the delay is included.
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Figure 2.8: Evolution of the real and estimated levels when the proposed MHEis implemented.
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Figure 2.9: Evolution of the levelsh1 andh2, and their reference values (first two panels), of the levels
h3 andh4 (third panel), and of the control inputsqa andqb, when the proposed MHE is implemented.
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Chapter 3

On the Explicit Dead-Time
Compensation in Robust MPC.
Application to a Laboratory Heater
Process

3.1 Introduction

Intrinsic dead-time compensation is one of the advantages of model predictive control (MPC) [5].
However, stability of the MPC schemes is related to a terminal cost, a terminal set,and a stabilizing
control law [26] which are usually derived from a delay free model. In theory, this problem can be
systematically solved by using an augmented representation [2] but, in this approach, the representa-
tion order increases linearly with the dead-time length. This dependence is not interesting in practice
because the order of the model may affect the computational burden especially in robust MPC strate-
gies.

Dead-time compensation schemes have been known in the control community since Smith’s sem-
inal work [41]. In general, dead times are not considered to be a problem for MPC strategies due to
the intrinsic compensation property. Actually, an explicit compensation strategy can be useful in two
situations: i) in order to avoid the augmented representation as used in [36],or ii) in order to improve
robustness as discussed in [30].

An explicit compensation scheme was briefly explored in [36] in order to reduce the representation
order but its effect on robustness was not analyzed. In [31], a filtered Smith predictor scheme was used
to improve robustness of the generalized predictive controller (GPC) but,analytical discussions were
limited to the unconstrained case. The problem of robustness in the presence of dead-time uncertainty
was treated in [32] by using a polytopic approach. However, in that case, it was necessary to consider
an augmented state representation for delays that are larger than a samplingperiod. It is important to
emphasize that in none of these works, robust constraint satisfaction and standard state representation
are considered together.

In this chapter, following the ideas of [38, 39], a robust explicit dead-timecompensation for
constrained linear systems with additive disturbances will be presented. Itwill be shown that the dead-
time free prediction model can be used to guarantee robust stability and robust constraint satisfaction
by using a modified disturbance and a slightly different state constraint set.The effect of this modified
disturbance will be discussed in terms of input-to-state stability and robust constraint satisfaction.
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Additionally, a robust MPC for tracking will be particularized for first-order (or integrative) plus dead-
time models (FOPDT/IPDT)1 [39] in order to take some advantages of the proposed compensation
scheme, deriving a simple explicit robust control law. A simulation examples and an experimental
case of study will be presented to discuss about the properties of the proposed algorithm.

The chapter is organized as follows: delay compensation background is presented in Section 3.2,
an analysis of the additive disturbance effect is presented in Section 3.3,and a tube based MPC is
revisited to be used in time delay systems in Section 3.4. In Section 3.5 an experimental case study is
presented, while the concluding remarks are discussed in Section 3.6.

Notation: A definite positive matrixT is denoted asT > 0. For a given symmetric matrixP > 0,
the weighted Euclidean norm is expressed as||x||P =

√
x′Px. A vector concatenation is represented

by (a,b) = [a′,b′]′. Given two setsU ⊂ R
n andV ⊂ R

n, the Minkowski sum is defined byU⊕V ,

{u+v | u∈ U, v∈ V} and the Pontryagin set difference isU⊖V , {u | u⊕V ⊆ U}. The distance of
a pointu∈ R

n from a setV ⊆ R
n is denoted byσ(u,V ) , inf

v
{||u−v|| | v∈ V }, where||.|| denotes

the Euclidean norm. For a given matrixM ∈ R
n×m and a setV ⊂ R

m, MV ⊂ R
n denotes the set

{y = Mv, v∈ V}. A identity matrix is represented byI . Predictions for the timei computed atk will
be represented byu(i|k), x(i|k) andy(i|k).

3.2 Preliminaries

In this section, some ideas of dead-time compensation MPC will be briefly revisited in terms of a
state-space model with dead-time [39].

3.2.1 Implicit dead-time compensation

In MPC formulations, stability is related to three elements: a terminal cost, a terminalconstraint and
a local stabilizing control law [26]. For linear models without delay such as

x(k+1) = Ax(k)+Bu(k), y(k) = Cx(k),

MPC stabilizing control law is obtained from the current stateu(k) = κMPC(x(k)).
However, in systems with dead-time such as

x(k+1) = Ax(k)+Bu(k−d), y(k) = Cx(k), (3.1)

x(k+ 1) is not defined by the pairx(k), u(k). As consequence, Eq. (3.1) cannot be directly used
in a MPC strategy becausex(k) is not enough not represent the overall dead-time system dynamic.
Fortunately, an augmented model can be used as in [2], incorporating the dead-time effect as a dead-
beat dynamic, in order to obtain a “dead-time free” representation given by

ξ (k+1) = Aξ ξ (k)+Bξ u(k), y(k) = Cξ ξ (k) (3.2)

with
ξ (k) = [x(k)′ u(k−d)′ ... u(k−2)′ u(k−1)′],

1For the sake of simplicity, the term FOPDT will be used to refer to stable, unstable, or integrative processes with
dead-time from now on.
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Aξ =




A B 0 0 ... 0
0 0 I 0 ... 0
...

...
...

...
. ..

...
0 0 0 0 ... I
0 0 0 0 ... 0




, Bξ =




0
0
...
0
I




, C′
ξ =




C′

0
...
0
0




.

The underlying idea is to store the past control actions inξ (k) until the moment it can actually be
considered. In this case,ξ (k+ 1) depends only onξ (k) andu(k) in order that stabilizing elements
can be directly defined.

3.2.2 Explicit dead-time compensation

A simple idea, discussed in [36], can be applied to consider a prediction model without dead-time.
From the model (3.1), it can be observed that there is no effect ofu(k) overx(k+1|k), x(k+2|k), ...,
x(k+d|k) due to the dead-time. As consequence,x(k+d|k) depends only on past controls so that it
can be obtained recursively from Eq. (3.1) by using

x(k+d|k) = Adx(k)+
d

∑
j=1

[
A j−1Bu(k− j)

]
. (3.3)

Hence, it would be reasonable to control directlyx(k+ d + 1|k) becausex(k+ d|k) is already
determined and explicitly calculated. In this case, the new controlled state can be defined as

x̃(k) , x(k+d|k) (3.4)

wherex(k+ d|k) can be obtained from Eq. (3.3). As a consequence, the system to be controlled
becomes

x̃(k+1) = Ax̃(k)+Bu(k), y(k+d|k) = Cx̃(k) (3.5)

which has a dead-time free model. The key point is that due to the compensatorstructure, the model
(3.5) can be directly used in MPC strategies without resort to an augmented representation as presented
in Eq. (3.2).

An overall control structure is depicted Fig. 3.1 wherew(k) is a general disturbance which may
be used to represent unmeasured inputs, noise and process-model mismatch. Similarly to other dead-
time compensators [30], an MPC is used to control a dead-time free system which may be represented
by the “process with dead-time plus a predictor” where nominal model is given by Eq. (3.5). This
prediction scheme is exact in the nominal case becausex(k+d|k) = x(k+d). However, in the presence
of disturbance,x(k+d|k) 6= x(k+d) which should be considered in robust MPC strategies.

3.3 Main results

Now, the explicit compensation effect will be analyzed in terms of a state additive disturbance in order
to consider robust stability and constraint satisfaction. Hence, the real dynamic is represented by

x(k+1) = Ax(k)+Bu(k−d)+w(k). (3.6)

with w(k)∈W whereW is a compact polytope which contains the origin. It is important to emphasize
that the effect of noise, external unmeasured disturbance and process-model mismatches (including
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x̃(k)
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Figure 3.1: MPC with explicit delay compensation structure.

dead-time estimation uncertainty) appears inw(k). By considering the explicit compensation scheme
given by Eqs. (3.3) and (3.4), the predicted behavior can be described by

x̃(k+1) = Ax̃(k)+Bu(k)+ w̃(k) (3.7)

wherew̃(k) is the effect ofw(k) on the predicted state ( ˜x(k)).
From Eq. (3.7), ˜w(k) can be obtained by

w̃(k) = x̃(k+1)−Ax̃(k)−Bu(k). (3.8)

Then, by replacing Eqs. (3.3) and (3.4) in Eq. (3.8), it is obtained

w̃(k) =Adx(k+1)+
d

∑
j=1

[A j−1Bu(k− j +1)]

−A

{
Adx(k)+

d

∑
j=1

[A j−1Bu(k− j)]

}
−Bu(k)

=Ad[x(k+1)−Ax(k)−Bu(k−d)]. (3.9)

Finally, replacing Eq. (3.6) in Eq. (3.9) yields

w̃(k) = Adw(k). (3.10)

This result is important because for a given system, ˜w(k) is uniquely determined byw(k) so that for
w(k) ∈ W, w̃(k) ∈ Ad

W , W̃.

3.3.1 Bounding prediction error

If there are constraints on the state, it is necessary to guarantee robustconstraint satisfaction ofx(k)
instead of ˜x(k). Thus, prediction error should be analyzed once ˜x(k) is the variable used for control
purposes.

The prediction error can be obtained by

e(k) = x(k)−x(k|k−d) = x(k)− x̃(k−d). (3.11)
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Figure 3.2: MPC with explicit delay compensation structure.

Thus, by using Eq. (3.6) recursively fromx(k−d+1) until x(k), it is possible to rewritex(k) as

x(k) =Adx(k−d)+
d

∑
j=1

[
A j−1Bu(k− j −d)

]

+
d

∑
j=1

[
A j−1w(k− j)

]
(3.12)

Moreover, ˜x(k−d) is obtained fromx(k|k−d) in Eq. (3.3):

x̃(k−d) = Adx(k−d)+
d

∑
j=1

[
A j−1Bu(k− j −d)

]
. (3.13)

Then, by replacing Eq. (3.13) and Eq. (3.12) at Eq. (3.11), it is obtained the following prediction error
expression

e(k) = Ad−1w(k−d)+Ad−2w(k−d+1)+ ...+w(k−1). (3.14)

It should be noticed that disturbance has a cumulative effect in the prediction error but, ifw(k) is
bounded,e(k) is also bounded. Finally, the prediction error may be bounded by

E = Ad−1
W⊕Ad−2

W...⊕W. (3.15)

Similarly to [25], once the error is bounded, it can be concluded that if

x̃(k) ∈ X⊖E, ∀k≥ 0⇒ x(k) ∈ X, ∀k≥ d.

Note thatE is also a compact polytope which contains the origin.
The schematic representation of the explicit optimal prediction in the presenceof additive distur-

bance is shown in Fig. 3.2 where

Φ =
d

∑
j=1

A j−1z− j .

This representation is equivalent to those of Fig. 3.1 when ˜x(k) is computed as in Eqs. (3.3) and (3.4).
Despite the fact that it is considered ˜x(k) for control purposes, the effect ofw(k+ j) for j > 0 does not
affect the loop so that robust stability is associated with ˜w(k) and, as consequence, it does not depends
onw(k+1),...,w(k+d) atk.
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3.3.2 Analysis of robustness and constraint satisfaction

Now, the explicit compensation effect will be considered in the context of ageneral control lawκ(·)
formulated in terms of the following Lemma.

Lemma. 2

(i) Let u(k) = κ(x̃(k)) be a control law such that

x̃(k+1) = Ax̃(k)+Bu(k)+ w̃(k)

is input-to-state stable (ISS) with̃w(k)∈Ad
W and F∞ be its minimum robust positively invariant

set.

(ii) Let
x(k+1) = Ax(k)+Bκ(x̃(k−d))+w(k)

be a system with w(k) ∈ W, E =
d⊕

j=1

A j−1
W and

x̃(k−d) = Adx(k−d)+
d

∑
j=1

[
A j−1Bu(k− j −d)

]
.

Then:

(a) System (ii) is input-to-state stable for∀w(k)∈W andσ(x(k),F∞⊕E)→ 0. Moreover, if w(k)→ 0,
x(k) → 0;

(b) If x̃∈ X⊖E, ∀k≥ 0, then x(k) ∈ X, ∀k≥ d.

Qualitatively, Lemma 2 means that, for a given control law, if a system without dead-time is ISS
with w̃(k)∈Ad

W, a similar system withw(k)∈W and that have dead-timed is ISS if the given control
law is applied together with the explicit dead-time compensation scheme. Moreover, if it is possible to
guarantee that the system without dead-time is constrained to ˜x(k) ∈ X⊖E, k≥ 0 then, the real state
is such thatx(k) ∈ X, k ≥ d. This result is somehow general because the lawu(k) = κ(x̃(k)) is not
defined. As a consequence, robust MPC schemes are natural candidates to guarantee the conditions
of Lemma 2.

This Lemma also allows to derive a different interpretation of the predictor effect. The following
illustrative discussion will be presented to show that this result can be somehow counterintuitive.

3.4 Robust tube based MPC with explicit dead-time compensation

In order to ensure that conditions (i) and (ii) of Lemma 2 holds, it is possible to use the so different
strategies such as in [7] and [27]. In this chapter, we consider the tracking problem [22] instead of
the regulation one [27]. This is motivated due to the fact that it is more usefulin practice and in the
presence of constant disturbance, an additional reference correction should be considered [39].

Consider the following uncertain system

x+ = Ax+Bu+w, y = Cx (3.16)
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wherex∈ R
n is the current state,x+ is the successor state,u∈ R

m is the current controlw∈ R
n is an

unknown disturbance andy∈ R
p is a desired linear combination of the states. In this case:x = x̃(k),

x+ = x̃(k+1) w = w̃(k), andy = y(k+d|k) subject to compact and convex polyhedral constraints

x∈ X⊖E ⊂ R
n, u∈ U ⊂ R

m (3.17)

and a disturbance constraint
w∈ W̃ ⊂ R

n.

As proposed in [22], the overall objective is to stabilize the constrained system and steer the state
to a neighborhood of the set-point fulfilling the constraints for any possibledisturbance.

3.4.1 Tubes trajectory

This robust MPC strategy is based on the notion of tubes and robust positive invariance. Some of these
ideas are briefly revisited in the following. From now on, the nominal behavior will be compactly
described by

x+ = Ax+Bu y = Cx. (3.18)

A feedback control law can be used to counteract the disturbance effect as the following

u = u+Kδ , δ , x−x

whereδ is defined as the state error. Hence, the error dynamics is described by

δ+ = AKδ +w; AK = (A+BK). (3.19)

If AK is strictly stable2, there exist, for system (3.19), a robust positively invariant setZ [18, 34] that
satisfies

AKZ ⊕W̃ ⊆ Z .

Assuming thatδ (0) = x(0)−x(0) ∈ Z , the tubes notion comes from the fact that ifu is such that

x∈ X = X⊖E⊖Z , u∈ U = U⊖KZ , (3.20)

then
x∈ X⊖E, u∈ U

for any sequence ofw∈ W (any disturbance realization) [27].

3.4.2 Predictive controller for reference tracking

To avoid problems such as feasibility loss due to reference change or reference inconsistency with the
prediction model, an artificial stationary point is used [22].

Assumption. 1 The pair(A,B) is stabilizable and all the states are available at each sampling time.

2All the eigenvalues ofAK are strictly inside the unitary circle.
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Under this assumption, the set of steady states and inputs of the system (3.18) is anm-dimensional
subspace ofRn+m [22] given by the parameterization

(xs,us) = Mθ θ .

In other words, every steady-state pair(xs,us) ∈ R
m+n is uniquely characterized by a given parameter

θ ∈ R
m.

In the robust tube based MPC for reference tracking, the initial nominal state (x(0)), the nom-
inal sequence of future control action (u) and the parameterθ , which defines(xs,us), are decision
variables. The cost function is given by

V(x,yr ;u,x,θ) =
N−1

∑
i=0

||xi −xs||2Q + ||ui −us||2R

+ ||xN −xs||2P +Vo(ys−yr).

wherexi denotes the prediction ofx i-samples ahead,(xs,us) = Mθ θ characterizes the artificial station-
ary point,ys = Cxs is an admissible artificial set-point,yr is the desired reference fory andVo(ys−yr)
is an off-set cost [9]. Therefore, the following optimization problem should be solved at each sampling
instant

min
x(0),u,θ

V(x,yr ;x(0),u,θ)

s.t.

x0 ∈ x⊕ (−Z )

xi ∈ X⊖E⊖Z , i = 0,1, ...,N−1

ui ∈ U⊖KZ , i = 0,1, ...,N−1

(xN,θ) ∈ Ωt,K̄ .

whereΩt,KΩ is an extended invariant set for tracking by using a given stabilizing controller KΩ. In this
case, the extended system for tracking is

[
x
θ

]+

=

[
A+BKΩ BL

0 I

][
x
θ

]

whereL = [−KΩ I ]Mθ and the invariant region should be admissible in

X
e =

{
xe , (x,θ) : (x,KΩx+Lθ) ∈ (X×U), Mθ θ ∈ (X×U)

}
.

Finally, The MPC control law is

KMPC(x,yr) = u∗(0;x,yr)+K(x−x∗(x,θ))

whereu∗(0;x,yr) is the first element of the optimal nominal control sequence (u) andx∗ is the optimal
nominal value forx(0).
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The following additional assumptions on the MPC parameters are sufficient toguarantee stability:

Assumption. 2

1. Let R> 0 e Q≥ 0 such that the pair(Q1/2,A) is observable.

2. Let P∈ R
n×n be a positive definite matrix such that

(A+BKΩ)TP(A+BKΩ)−P+KT
ΩRKΩ +Q = 0.

3. Let the offset cost function Vo : R
p → R be a convex, positive definite and sub-differentiable

function such that Vo(0) = 0.

For details, please refer to [22].

Remark. 1
In the proposed robust tube based controller, ifx̃(0) is admissible, Lemma 2 holds and robust con-
straint satisfaction is ensured for x(k), ∀k ≥ d. It should be noticed that x( j), j ∈ [1,d] depends on
x(0) and u(i), i = [−d,−1]. Thus, if u(i), i = [−d,−1] is known, robust constraint satisfaction for
x( j), j ∈ [1,d] can be previously verified.

3.4.3 Output offset cancellation in the presence of constant disturbance

In the presence of persistent disturbance, an undesired error will appear because the stationary point
parameterization does not consider this disturbance. In this case, a modified referenceym

r (k) may
defined by

ym
r (k) = yr −yw

s (k) = yr −Mŵ(k)

whereM ∈R
p×n is a constant matrix and ˆw(k) is an estimation ofw(k). If the disturbance estimator is

stable and converges to ˆw(k) = w(∞), theny(k) will converge toyr if it is admissible. Due to separation
principle, if ŵ(k)∈W, this outer loop does not affect stability because constant disturbance estimation
in not related with MPC control law.

An interesting property of this algorithm is that it results in a quadratic optimizationproblem
which does not depends on the dead-time length. Similarly to [32], the optimizationproblem can
parameterized off-line with multiple piecewise linear solutions [4]. However, by using the standard
approach as in [32], the longer is the dead-time, the higher is the dimension ofthe state partition where
the linear solution must be searched. In [11], for instance, it is presented an integrative process with 40
discrete delays which means that the state partition would have dimension 41 in thestandard approach.
By considering only the regulation problem, the partition of the robust tube MPC with explicit dead-
time compensation would have dimension 1. In the case of reference trackingthe dimension is simply
2.

3.4.4 First order plus dead-time case

The proposed robust tube based MPC will be particularized to discrete FOPDT models. This is mo-
tivated by some reasons: these kind of models are common in practice, it becomes much easier to
analyze and to obtain the invariant sets, it is not necessary to consider state-estimation and the discus-
sions about dead-time compensator effect becomes more intuitive [39]. However, it is important to
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emphasize that all the ideas presented until now can be applied to linear state-space models. Further-
more, if necessary, it is possible to consider state-space estimation followingthe ideas of [25].

Now, consider a model given by

P(z) =
kp

z−a
z−d

and a dead-time free state-space representation(A,B,C,D) with A = [a], B = [kp], C = 1 andD = 0.
In this case, the stationary point parameterization can be defined in such a way thatθ is the desired
reference (θ = yr ) with Mθ = [1 (1−a)/kp]

′ andNθ = 1.
The main advantage of this simplified representation is that set operations such as Minkowski sum

and Pontryagin difference should be considered in sets of the spaceR
1. Thus, it will be just necessary

to consider standard algebraic operations in the limits of the set interval. Now,it will be considered
that the feedback law is in the formK = (b−a)/(kp) in such a way thatA+BK = b with 0≤ b < 1,
the constraints areU = {u : umin ≤ u≤ umax}, X = {x : xmin ≤ x≤ xmax} and the disturbance is in the
intervalW = {w : wmin ≤ w≤ wmax}. In this case, the disturbance effect is given by:

Z = ad
W⊕bad

W⊕b2ad
W⊕b3ad

W⊕ ...

=

{
ζ :

ad

1−b
wmin ≤ ζ ≤ ad

1−b
wmax

}
; (3.21)

E = W⊕aW⊕a2
W⊕ ...⊕ad−1

W

=

{
ε :

(1−ad)

1−a
wmin ≤ ε ≤ (1−ad)

1−a
wmax

}
. (3.22)

As it was already pointed out that, for stable process,Z is smaller the larger is the delay. As conse-
quence, the nominal control constraint,U, is larger. However, in the case of the nominal constraint
on the state (output), it can be shown thatX gets smaller for longer delays only if the closed loop
response is slower then open-loop one. In general (b < a), the longer is the delay, the larger is the
prediction error bound which makes more difficult to guarantee state (output) constraints satisfaction.

3.5 Case study

A laboratory heater process case study will be presented in this section. In this system, it is desired
to control the temperature in the outlet side of a tube. A constant air stream is used to transfer heat
from the heater to the output of the tube where there is a thermistor. An input tension is used to adjust
the power dissipated in the heater meanwhile an output tension is used to obtain the temperature
information. Both input and output tensions have the same range (0≤ Vin ≤ 10 and 0≤ Vout ≤ 10).
In order to emulate input disturbances, the air stream flow can be manually modified. An simplified
schematic diagram is presented in Fig. 3.3 wherey(k) = Vout(k), u(k) = Vin(k) and the air flow affects
w(k).

In order to demonstrate the moderate level of computational demand using the multi-parametric
solution [4], it is be used a sampling period of 50ms. In this case, the FOPDT model in the form

P(z) =
0.0314

z−0.9556
z−4

was obtained after some least square identification tests based on pseudo random binary aleatory input
sequences.
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V o u t V i n

  a i r  f l o w

Figure 3.3: Simplified schematic representation of the heater process.

To guarantee robust stability and robust constraint satisfaction, it was defined that the disturbance
bound for the delayed system isW , {w| ||w||∞ ≤ 0.15}. The MPC tuning parameters areQ = 1,
R= 1, N = 5 andVo(ys−yt) = ||ys−yt ||100. The stabilizing elementsKΩ andP are obtained from the
optimal solution of the unconstrained problem (linear quadratic solution) for(A,B,Q,R). Although
there is a better strategy to chooseK [22], for simplicity and similarly to [27], it is usedKΩ = K. A
second-order filter in the form

F(z) =

(
0.05z

z−0.95

)2

is used in order to estimate the mean value of the disturbance, attenuating noise effect.
Simulated results with the nominal model are presented in Fig. 3.4. These resultsare useful to

illustrate the robust tube idea: at each sampling instant, the optimal nominal valueof the prediction
(y∗(k+d|k)), which may be different from the prediction (y(k+d|k)), is protected by an inner and an
outer intervals. The smaller one would be enough to guarantee thaty(k+d|k) respect the constraints
but, the larger one is imposed to ensure that the real future output respect the constraints. Due to the
fact that it is consideredy(k+ d|k) for control purposes, it is necessary to consider just the smaller
interval to ensure control constraint satisfaction and recursive feasibility (robust stability).

Constant unmeasured disturbances are inserted in the control (uq = 4.5 anduq = −3), which
corresponds tow(k) = B∗uq as shown in Fig. 3.4(d). Whenuq = 4.5, due to the constraints limits, the
external limit of the tube reaches the lower constraint in such way thaty∗(k+d|k) cannot be reduced
which implies a steady-state error. Actually, off-set free could be achieved if the reference was set to a
higher value, as 6 for instance, or if the disturbance were smaller as whenuq = −3. Some interesting
points can be observed from Fig. 3.4(c). Asw(k) was close to one of its limits (0.15) for uq = 4.5,
the optimal solution was obtained with an active constraint inx0 ∈ x⊕ (−Z ). This can be verified
becausey∗(k+d|k) (alternativelyy∗(k|k−d)) is exactly over the border. As a consequence, the real
output almost reached of its limits which illustrates that: i) this algorithm is not conservative in the
case of constant disturbances and ii) constraint satisfaction may be violated if the external interval is
not considered. Actually, the real output would reach the external border if w(k) = 0.15.

In the experimental results, disturbances were applied by varying the air stream flow manually.
Apart from the noise effect, the results are somehow similar to the simulated case. It is interesting to
observe that disturbance dynamics varied naturally during the process operation. Note, for instance,
that whenw(k) is in the neighborhood of 800 samples it presents a different behavior from those in the
neighborhood of 1500 samples despite the fact that the system is around the same equilibrium point. It
is clear that this issue is not a problem for a robust algorithm since the limits forw(k) were respected.
It should be also noticed that disturbance variance changed during the process operation but this effect
does not affect control signal due to the disturbance estimation filter. Moreover, constant disturbance
rejection was properly performed as expected.
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Figure 3.4: Simulated behavior of the nominal system: (a) output response,(b) detail of the output
response, (c) control action and (d) additive disturbance.

3.6 Final remarks

In this chapter, the explicit compensation effect was discussed in a robust context. The conditions to
guarantee robust stability and robust constraint satisfaction, in the presence of additive state distur-
bances, were presented. A robust tube MPC was applied to guarantee these conditions and a FOPDT
model was considered to take some advantages of the proposed explicit compensation MPC scheme.
Finally an experimental case study was used to discuss some properties of the proposed algorithm.
As future work, it would be interesting to guarantee robust constraint satisfaction by using different
explicit dead-time compensation schemes.
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Figure 3.5: Experimental behavior of the real system: (a) output response, (b) detail of the output
response, (c) control action and (d) additive disturbance. In (a) and (b), legends are the same of Fig.
3.4(a).
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Chapter 4

Stability and Performance Analysis of
Irrigation Channels with Distributed
Control

4.1 Introduction

Water is becoming a scarce resource all over the world. Irrigation accounts for 70% of water usage
[42]. Fig. 4.1 shows the top-view of a typical irrigation network. Water is drawn from the reservoir

Main channel

Secondary

channel

Farm

Farm

Reservoir

Farm

Farm

Gate

Gate

Figure 4.1: Top-view of an irrigation network

and distributed through the main channel and many secondary channels to farms. Along the channels,
mechanical gates are installed to regulate the flow, as shown in Fig. 4.2. A stretch of water between
two neighboring gates is called a pool. An irrigation network is largely gravity-fed (i.e. there is no
pumping); to satisfy water-demands from farms and to decrease water wastage, the water-levels in the
pools should be regulated to certain setpoints. Since most farms sit at the downstream ends of pools,
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Figure 4.2: An irrigation channel (Source: Rubicon Systems Australia Pty.Ltd)

it is more important to control downstream water-levels. To avoid the excessive communication load
for large-scale system, decentralized control is preferred to centralized control. In practice, a distant-
downstream control structure (i.e. use upstream gate to control downstream water-level of a pool) is
implemented for good management of water service and water distribution efficiency [24]. Further,
an irrigation channel is a system presenting strong interactions between pools, i.e. the flow into a pool
is equivalent to the flow out of the neighboring upstream pool. When off-takes occur at downstream
pool, one could see amplification of the control action (e.g. flow over upstream gates) and water-level
error propagation towards upstream, see [6, 21]. Therefore, control objectives for large-scale irrigation
network involve: locally, setpoints regulation, rejection of off-take disturbances, avoiding excitement
of dominant waves and, globally, management of the water-level error propagation and attenuation of
the amplification of control action in the upstream direction. As shown in [21],there exists a tradeoff
between the local and the global control performance. To cope with sucha tradeoff, a distributed
control scheme that inherits the interconnecting structure of the plant is suggested in [6, 20]. Such
a distributed control scheme presents performance advantage over decentralized feedback with feed-
forward control [44].

In fact, one big issue in control design for an irrigation network comes from the time-delay in
each pool, i.e. the time for transporting water from the upstream gate to the downstream gate. In this
paper, the impact of the internal time-delays on the local and global controlperformance is analyzed.
Further, we discuss how the distributed control scheme compensates for such impact. Although the
paper focuses on irrigation networks, the discussion can be extended tomany practical networks that
involve internal time-delay. The paper is organized as follows. Section 4.2 briefly introduces modeling
of an irrigation channel and designing of the distributed controller. In Section 4.3, discussions are
made on how the distributed control scheme manages the water-level error propagation and attenuates

Page 42/57



HD-MPC ICT-223854 Implementation of timing and delay related approaches to simple case studies

the amplification of control actions in the upstream direction. Section 4.4 summarizes the paper.

4.2 Modeling of a channel and designing of distributed controller

Fig. 4.3 shows an irrigation channel with a special structured distributed control, i.e. the informa-
tion flow is uni-directional: from controllerKi+1 to controllerKi . When water off-takes occur in a
pool, such an interconnection structure confines the water-level errorpropagation and amplification of
control action in the upstream pools. Hence, such a control scheme avoids the requirement of water
storage at the downstream end of the channel.

−

−
r i+1

r i

ui+1

ui

vi−1 = ui

vi = ui+1

Ki

Ki+1

vK
i+1

wK
i

yi+1

yi+1

yi

yi

yi−1

pooli

pooli+1

DATUM

gatei

gatei+1

Figure 4.3: Distributed control of an open water channel

4.2.1 Plant model

A simple model of the water-level in pooli can be obtained by conservation of mass [6, 43]:

αi ẏi(t) = ui(t − τi)−vi(t)−di(t),

whereui is the flow over the upstream gate,vi the flow over the downstream gate,di models the off-
take load-disturbances from pooli ; τi is the transport delay of water from upstream gate to downstream
gate of the pool, andαi a measure of the pool surface area. Note the interconnectionvi = ui+1, i.e. the
flow out from pooli equals the flow into pooli+1. Taking Laplace transform, yields

Pi : yi(s) =
1

sαi

(
e−sτi ui −vi −di

)
(s). (4.1)

4.2.2 Designing of the distributed controller

Fig. 4.4 shows a localized portion of a channel under distributed distant-downstream control, where
Pi is the nominal model (4.1) for pooli , andKi in Fig. 4.3 is split into a loop-shaping weightWi and
a compensatorK∞i (with yK

i anduK
i , input from and output to the shaped plant, respectively). Note

the constraint on the interconnection between controllersvK
i = wK

i+1. Designing of the distributed
controller consists of the following three steps, which are consistent with thewell-knownH∞ loop-
shaping approach [28].
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Figure 4.4: Localized portion of distributed controller design

1. DesignWi to shapePi based on local performance. Typical off-takesdi are step disturbances;
based on the internal model principle [13], a simple selection could beWi = κi

s for zero steady-
state water-level error. For robust stability,κi is selected such that the local crossover frequency
ωci ≤ 1/τi (see [40]). Denotezi :=

(
ei ,uK

i

)T
and ni := (r i ,∆ui ,di)

T , with r i the water-level
setpoint and∆ui modeling additional uncertainty in flow over gatei . For a channel ofN pools,
Let Gs := (Gs1, . . . ,GsN) denote the interconnection of the shaped plant

Gsi :=
( vi

ni

uK
i

)
7→
(wi

zi

yK
i

)

=




0 (0 1 0) 1(
1

sαi
0

) (
1 e−sτi

−sαi
1

sαi
0 0 0

) (
e−sτi
−sαi

1

)

Wi
sαi

(
Wi

e−sτi Wi
−sαi

Wi
sαi

)
e−sτi Wi
−sαi




with vi = wi+1 and boundary conditionvN = 0. Note that such a boundary condition is possible
with distant-downstream control.

2. SynthesizeK∞i to cope with the tradeoff between local performance and closed-loop coupling.1

Let K∞ := (K∞1, . . . ,K∞N) denote the interconnection of

K∞i :=
(

vK
i

yK
i

)
7→
(

wK
i

uK
i

)

with vK
i = wK

i+1 and boundary conditionvK
N = 0; and letH(Gs,K∞) denote the closed-loop trans-

fer function from(n1, . . . ,nN)T to (z1, . . . ,zN)T . The synthesis problem is formulated as

min
K∞∈Ksyn

γ

subject to (4.2)

‖H(Gs,K∞)‖∞ < γ

whereKsyn represents the set of stabilizingK∞’s. Note that we use‖·‖∞ to denote theH∞ norm
of a transfer function. Such a structured optimization problem can be solved by employing the
technique in [19], see [20].

3. The final distributed controller is then given by

Ki :=
(

vK
i
ei

)
7→
(

wK
i

ui

)
= K∞i

[
1 0
0 Wi

]
.

1For local performance, one considersei to be small; while closed-loop coupling is cause by control actionui to com-
pensateei . As shown in [6, 21], for purely decentralized feedback control,Tr i 7→ei +Tdi 7→ui

e−sτi = 1.
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4.3 Closed-loop performance

For distant-downstream control, the internal time-delayτi limits the local performance. For example,
the local bandwidth limit of 1/τi is previously considered in the selection of the weight gain,κi . In
this section, the influences ofτi on the closed-loop coupling are discussed. It is shown that such
time-delays, not only make it difficult to manage the water-level error propagation, but also cause
the amplification of control action, in the upstream direction. Further, analysis is made on how the
distributed control compensates for such influences.

4.3.1 The impact ofτi on global closed-loop performance

From (4.1), for a channel ofN pools




y1

...
yN−1
yN


 =




G1 G̃1

... ...
GN−1 G̃N−1

GN



( u1

...
uN−1
uN

)

+

[
G̃1

...
G̃N

](
d1

...
dN

)
(4.3)

whereGi = 1
sαi

e−sτi andG̃i = − 1
sαi

. As previously mentioned, it is reasonable to assumevN = 0 as
boundary condition for synthesis of the distributed controller under distant-downstream control. The
distributed controller is represented by

K1 : u1 = [K21
1 K22

1 ]
(

wK
2

e1

)

Ki :
(

wK
i

ui

)
=
[

K11
i K12

i

K21
i K22

i

](
wK

i+1
ei

)

for i = 2, . . . ,N−1

KN :
(

wK
N

uN

)
=
[

K12
N

K22
N

]
eN

This gives the general form of the distributed controllerK:

( u1

...
uN

)
=

[
K11 ··· K1N

...
...

KNN

]( e1

...
eN

)
; (4.4)

where fori = 1, . . . ,N, Kii = K22
i , which takes care of local performance, and the additional decoupling

terms

Ki,i+1 = K21
i K12

i+1, (4.5)

Ki j = K21
i

(
j−1

∏
k=i+1

K11
k

)
K12

j for j > i +1.

Note thatei = r i − yi . Then the closed-loop relationship between water-level errors and off-take
disturbances is:

( e1

...
eN

)
=

[
M11 ··· M1N

...
...

MNN

](
d1

...
dN

)
(4.6)
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where fori = 1, . . . ,N, Mii = −G̃i (1+GiKii )
−1 and for j ≥ i +1

Mi j = Mii

j

∑
k=i+1

(
Ki+1,k−Kike−sτi

)
Mk j. (4.7)

We see that the closed-loop transfer matrix is upper-triangular, hence themultivariable system inherits
the local stabilities. That is, the multivariable system is stableif and only if all monovariable systems
are stable. Since all the lower off-diagonal entries are null, even for model mismatch, robustness is
also inherited from local systems. A perfect decoupling is achieved if forall j > i,

Ki+1, j −Ki j e
−sτi = 0. (4.8)

This requiresKi j = Ki+1, jesτi , which is non-causal and hence impractical.
Next, analysis of global closed-loop performance is made on the two typicalcoupling properties of

a (distant-downstream) controlled irrigation channel: water-level error propagation and amplification
of control action. Assume onlydN occurs in the system, whiledi = 0 for i = 1, . . . ,N−1. Then from
(4.6),

Tei+1 7→ei := Mi,NM−1
i+1,N

= Mii (Ki+1,i+1−e−sτi Ki,i+1) +

Mii

N

∑
k=i+2

(Ki+1,k−Kike−sτi )MkN

(
Mi+1,i+1

N

∑
k=i+2

(Ki+2,k−Ki+1,ke−sτi+1)MkN

)−1

.

Small‖Tei+1 7→ei‖∞ (e.g.≪ 1) represents a good management of the water-level error propagation.

Remark. 2 For the case of a string of identical pools with purely decentralized feedback control
(i.e. K = diag(Kii )), Tei+1 7→ei = Mii Ki+1,i+1. If the selected Kii ’s are identical for all i= 1, . . . ,N,
then‖Tei+1 7→ei‖∞ > 1 (see [6, 21]). Such a strategy, i.e. designing Kii only based on local control
performance, creates very strong coupling between loops (since‖Tei+1 7→ei‖∞ occurs at the same fre-
quency for all i). Instead, to decouple the interaction between pools, one can design Kii ’s such that
the downstream closed-loop be slower than the upstream ones.2 However, it is nontrivial to cope with
the tradeoff between local performance and closed-loop decoupling bysimply tuning the feedback
controller. In contrast, the resulted distributed controller, by taking the three steps in Section 4.2,
optimizes a measure of the global performance, accounting for such a tradeoff.

From (4.4) and (4.6), the coupling of control actions responding todN is

Tui+1 7→ui :=
N

∑
k=i

KikMkN

(
N

∑
k=i+1

Ki+1,kMkN

)−1

.

The following discussion shows that‖Tui+1 7→ui‖∞ > 1.
For an irrigation channel with purely decentralized feedback control, i.e.K in (4.4) being diagonal,

Tui+1 7→ui = Mii Kii = −G̃iKii
(
1− G̃iKii e−τis

)−1
. Note thatG̃iKii involves two integrators.3 Applying

Lemma 9.3 of [13], it is straightforward to prove‖Tui+1 7→ui‖∞ > 1.

2Such a scheme is similar as the one suggested in [17] for the control of a platoon of vehicles, that string instability can
be avoided at the expense of successively more aggressive control laws with linearly increasing gains.

3As previously discussed, for zero steady-state water-level error, an integrator is involved inKii .
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i τi αi ψi

1 6 min 10344 m2 0.349 rad/min
2 25 min 39352 m2 0.084 rad/min
3 15 min 26317 m2 0.140 rad/min

Table 4.1: Pool model parameters: delay (τi), surface area (αi) and wave frequency (ψi)

Generally, under distant-downstream control (i.e. without the constraintsthatK in (4.4) be diago-
nal), to compensate the influence of the internal time-delay, the amplification of control action in the
upstream direction is unavoidable. This is shown in Fig. 4.5. Initially, the system is at steady-state.

r i

yi

ui

ui+1

ts

ts

ts+ τi

AuiAui+1

(a)

(b)

(c)

Figure 4.5: Control actions for zero steady-state water-level error

At time ts, the flow out of pooli increases, see the change ofui+1 (the dashed line in Fig. 4.5(a)). To
compensate for the influence ofui+1 on yi , the flow into the pool,ui , also increases (the solid line in
Fig. 4.5(a)). However, the influence ofui on the downstream water-levelyi will be τi(min) later than
that of ui+1 on yi (see Fig. 4.5(b)). For zero steady-state error ofyi from r i (see Fig. 4.5(c)), from
(4.1),ui should be greater thanui+1 for some time such that the area ofAui is equivalent to the area of
Aui+1. Hence,‖Tui+1 7→ui‖∞ > 1.

In Section 4.3.2, the analysis focuses on the impact of the decoupling terms in the distributed
controller on the closed-loop performance.

4.3.2 The influence ofKi j ( j > i) on closed-loop decoupling

As discussed in Section 4.2.2, the synthesis ofK∞ copes with the tradeoff between the local perfor-
mance and the decoupling of the closed-loop system. To see how the distributed controller compen-
sates for the influence of internal time-delays, we study the time and frequency responses of a string
of three pools with distributed control.

The three pools are taken from Eastern Goulburn No 12, Victoria, Australia. Table I gives the
identified model parameters [33]. To shape the plant, we chooseW1 = 87.206

s , W2 = 20.8865
s , W3 =
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32.6255
s .4 A γ = 3 is achieved by solving the structured optimization problem (4.2). The final controller

is shown in Fig. 4.6. All the terms involve an integrator, which comes from the shaping weight. Note
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Figure 4.6: The distributed controller

thatK12 has similar phase property asK22, i.e. they both involve phase-lead-lag-lag-lead compensation
around the same mid-frequency range; whileK13, K23 have similar phase property asK33.

Fig. 4.7 shows the open loop-gain for pool1,2,3. High gain at low frequency is obtained, with
the bandwidths 0.0408 rad/min, 0.0085 rad/min and 0.0132 rad/min respectively. Around the wave
frequencies, the loop-gains are around−20 dB,−20 dB and−25 dB respectively. This ensures no
excitement of dominant waves in all the three pools.

From (4.5),K12 andK23 have a similar structure, whileK13 involvesK11
2 for decoupling. The

following analysis is made by checking the impact ofK23
5 andK13 on decoupling of the closed-loop

system.

Impact of K23

The gains ofTd3 7→e2 andTd3 7→u2, with and withoutK23, are given in Fig. 4.8. WithK23, a lower gain in
the mid-frequency range is achieved.

Fig. 4.9 shows thatK23 helps in decreasing|Te3 7→e2| and|Tu3 7→u2| at the low and middle-frequency
range, whered3 is significant. One can thus expect a good management of the water-level error
propagation and attenuation of the amplification of control action withK23.

The time response of the close-loop system is shown in Fig. 4.10 and 4.11. Inthe simulation,
the water-level setpoints are set asr i = 10 m, for i = 1,2,3. Note thatτ2 is much bigger thanτ3;
such a combination, i.e. a long upstream pool with a short downstream pool,is difficult for managing
the tradeoff between the local water-level error and the amplification of control action.6 When an

4As formerly discussed, the weight gains are chosen to set the loop-gainbandwidth just below 1/τi rad/min.
5Similar impact ofK12 as that ofK23 on the closed-loop decoupling can be expected and hence the analysis is omitted

here.
6As previously discussed, to decouple the closed-loop system, one should try to make the downstream loop slower than

the upstream loop.
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Figure 4.8:|Td3 7→e2| (top) and|Td3 7→u2| (bottom), with and withoutK23

off-take of 98.6 Ml/day starts in pool3 at 30 min till the end of the simulation scenario, the water-
level error in pool2 is better managed withK23 operating in the system than withoutK23. Indeed,
with K23, max

t
|e2(t)| decreases about 0.08 m (compare the red solid line with the red dashed line).

This is important since, as discussed in Section 4.1, in gravity-fed irrigation networks, water-levels
represent the capacity to serve water-demands at the off-take points. Fig. 4.11 shows the upstream
control actions in pool2,3 to compensate the influence ofd3 on e2 ande3.7 With K23, u2 responds to

7For clarity, we zoomed in to the first 1000 mins to show the changes of the control actions whend3 starts. Note we did
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Figure 4.9: Closed-loop coupling:|Te3 7→e2| and|Tu3 7→u2|
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Figure 4.10: Water-level error propagation: with and withoutK23

the change ofu3 faster than withoutK23 operating on the closed-loop. Note max
t
|u2(t)| is smaller with

K23, i.e. a better attenuation of the amplification of control action is obtained.

Impact of K13

Fig. 4.12 shows|Td3 7→e1| and|Td3 7→u1|, with and withoutK13.8 With K13, a lower gain in the low and
mid-frequency range is achieved, hence better decoupling of the closed-loop system can be expected.
This is confirmed by the time responses shown in Fig. 4.13 and 4.14. Whend3 starts at 30 min, the
water-level error in pool1 is smaller withK13 (see the green solid line in Fig. 4.13) operating in the

the similar in Fig. 4.14.
8For the case ofK13 = 0, it is assumed thatK11

2 = 0, whileK12 andK23 still operate on the closed-loop.
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Figure 4.11: Amplification of control actions: with and withoutK23
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Figure 4.12:|Td3 7→e1| (top) and|Td3 7→u1| (bottom), with and withoutK13

system than withoutK13 (the green dash-dot line). Fig. 4.14 shows the change of control actions in
pool1,2,3 in response tod3. We see that withK13, u1 reacts faster to the change inu2 than the case
withoutK13. Moreover,‖u1‖∞ is smaller withK13.

Some remarks

The closed-loop coupling termMi j (see (4.7)) is composed ofMk
i j := Mii (Ki+1,k−Kike−sτi )Mk j for

k = i + 1, . . . , j. Fig. 4.15 shows the impact ofKik on Mk
i j in the above three-pool example. It is

observed that

1. Kik decreases the gain ofMk
i j at low frequencies where typical off-take disturbances are signifi-
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Figure 4.13: Water-level error propagation: with and withoutK13
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Figure 4.14: Control actions: with and withoutK13

cant;

2. Kik operates onMk
i j by imposing onMii Ki+1,kMk j an additional phase lead-lag compensation

around the frequency of 1/τi .

The first observation explains why withKi j operating on the closed-loop, a better management of
water-level error propagation is achieved (see Fig. 4.10 and 4.13). Although it is difficult to directly
make conclusions of global performance from the second observation,time-responses of control ac-
tions (see Fig. 4.11 and 4.14) show that with theKi j ’s the closed-loop predicts the influence of the
internal time-delays and that the control action in response to off-take disturbance is faster than that
without theKi j ’s.

4.4 Summary

An irrigation channel is a system presenting strong interactions between pools. This paper considers
distant-downstream control of irrigation channels. It is shown that the internal time-delay for trans-
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portation of water from upstream to downstream of each pool not only limits the local performance,
but also impacts the coupling between pools, i.e. the water-level error propagation and the amplifica-
tion of control actions in the upstream direction. More specifically, we havediscussed a distributed
control that inherits the interaction structure of the plant. The controller is designed in a structured
H∞ loop-shaping approach. The involved optimization problem manages the tradeoff between local
and global performance. Analysis shows that the distributed controller compensates the time-delay
influence by decreasing the low-frequency gain of the close-loop coupling term and imposing extra
phase lead-lag compensation in the mid-frequency range on the closed-loop coupling term.

Based on the above observations of the function of the decoupling terms ofthe distributed con-
troller, it is of interest in future research to investigate the involvement of similar components, e.g.
phase lead-lag in decentralized feed-forward compensators, in additionto the purely decentralized
feedback controller, for a better global closed-loop performance.
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