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Abstract

In this report we describe a control problem which can be used as a benchmark for control algorithms
for distributed systems.

1 System overview

The system we consider is a hydro power plant composed by several subsystems connected together.
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Figure 1: Overview of the hydro power plant.

Figure 1 gives an overview of the system which is composed by 3 lakes (L, Lo and L3) and a river which is
divided in 6 reaches (R, Ra, Rs, R4, R5 and Rg) which terminate with dams equipped with turbines for power
production (D, Do, D3, Dy, D5 and Dg). The lakes and the river reaches are connected by a duct (Uy), ducts
equipped with a turbine (77 and T») and ducts equipped with a pump and a turbine (Cy and Cs3). The river is

fed by the flows gi, and geributary-

In the following sections we shall provide a model for all the subsystems. The last sections contain the

control specification and all the data needed to implement the model.
To simplify the system modeling we make the following assumptions:

e the ducts are connected at the bottom of the lakes (or to the bottom of the river bed);
e the cross section of the reaches and of the lakes is rectangular;
e the width of the reaches varies linearly along the reaches;

e the river bed slope is constant along every reach.



2 System modelling
2.1 Reach model

The model of the reaches is based on the one-dimensional Saint Venant partial differential equation:
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The two equations in (1) express the mass and momentum balance. The variables represent the following
quantities:

e 2 is the spatial variable which increases along the flow main direction;

e ¢(t,2) is the river flow (or discharge) at time ¢ and space coordinate z;

s(t, z) is the wetted surface;

o h(t,2) is the water level w.r.t. the river bed;

g is the gravitational acceleration;

e I;(t, z) is the friction slope;

e Iy(z) is the river bed slope.

Assuming the cross section of the river is rectangular we can write the following equations:

s(t, z) = w(z)h(t, z) (2)

and
a(t,2)? (w(2) +2h(t, 2)*"
K (w(2)h(t, )"
where w(z) is the river width and ks, is the Gauckler-Manning-Strickler coefficient!.

To take into account lateral inflows, the first equation in (1) which expresses the mass balance can be
modified as follows

I5(t,2) = 3)

at2) | BE) _ o (4)

where ¢ (2) is the lateral inflow per space unit.

2.1.1 Discretized model

The partial differential equation (1) can be converted into an ordinary differential equation with the method of
lines. Divide the reach into N cells of length dz and denote by ¢;(t) the value of the discharge in the middle of
the cell ¢ and by h;(t) the value of the water level at the beginning of cell . hy1 represents the water level at
the end of the reach.

1The Gauckler-Manning-Strickler coefficient changes accordingly to the kind of river bed surface. In the model we developed
kstr is constant along the river.
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Denoting by gin(t) and gous(t) the water inflow at the beginning of the reach and the water outflow at the end
of the reach, we obtain the following set of ordinary differential equations (time dependencies are omitted)
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where w; represents the river width at the beginning of cell i, wy1 represents the river width at the end of
the reach and ¢, is the total lateral inflow of cell i. The river bed slope Iy is assumed to be constant. Since the
width of the reaches changes linearly, the values of wy and wy 1 are provided in the model data while

(i — 1)(wn41 — wi) ()
N .

Remark 1. Notice that distance between the beginning of the reaches and the lateral inflow points are given in

the last section. They are denoted as Liributary, Lc,, Lt,, Lc, and L,.

w; = w1 +

2.2 Lake model

Denote by ¢in(t) and gous(t) the water inflow and outflow of the lake under consideration, respectively. The
volume of water inside the lake varies accordingly to the following equation

20 — g1a(t) — e 1) 7

Since the cross section of the lake is assumed to be rectangular, (7) can be equivalently expressed as

E)h(t) o Qin(t) — Gout (t)
M) _ K ’ (8)




where h(t) is the water level and S is the lake surface area.

2.3 Duct model

The flow inside the duct U; can be modeled using Bernoulli’s law. Assuming the duct section is much smaller
than the lake surface, the flow from lake L to lake Lo can be expressed as

qu, (t> = SUl Sign<hL2 (t) - hLl (t) + hU1)\/2g|hL2 (t) - hLl (t) + hUl |’ (9)

where hr, and hr, are the water levels for lakes L1 and La, hy, is the height difference of the duct, Sy, is the
section of the duct and g is the gravitational acceleration.

Denoting © = hr,(t) — hr,(t) + hy,, equation (9) can be written as Sy, +/2gsign(z)/]z|. The function
sign(m)\/m is not differentiable for x = 0. The following approximation can be used to make the function
qu, (t) differentiable

. x
sign(x)y/|z| =~ (o

Notice that for e = 0 the two functions are equivalent, while keeping e small we obtain a good approximation
(% corresponds to the derivative of the approximation at = = 0).

2.4 Turbine model

For every turbine we assume that we can control directly the turbine discharge. The power produced is given
by the following equation
pe(t) = keqe(t) Ahe(t), (10)

where k is the turbine coefficient, ¢ (¢) is the turbine discharge and Ah(t) is the turbine head.

2.5 Pump model
Pumps can be modeled similarly to turbines. The power absorbed by a pump is given by
Pp(t) = kpap(t) Ahy(t), (11)

where kj, is the pump coefficient, g,(¢) is the pump discharge and Ahy(t) is the pump head.

2.6 Modelling of ducts equipped with a turbine and a pump

The ducts Cy and Cs are equipped with a pump and a turbine and therefore we can use equations (10) and
(11) to express the amount of power generated or absorbed. However, the turbines and the pumps cannot
function together and this should be expressed in the optimal control problems (OCPs) formulated using the
hydro power plant. Depending on the OCP formulation and the method used to solve the problem different
models can be used. In the remainder of this section we illustrate some possibilities in modelling C; (the same
model can be used for C). We assume that the flow can be determined by the controller.

2.6.1 Discontinuous model
Denote by gc, (t) the flow through duct C;. We assume that:
® ¢, (t) > 0 when C functions as a turbine;

® qc, (t) < 0 when C; functions as a pump.

Notice that by using this convention we do not need to express explicitly that C; can function as a turbine or
a pump alternatively. The power produced can be expressed as

bcy (t) = ke, (qcl (t))qu (t)AhCH (t)’ (12)

where Ahg, (t) it the duct head which depends on the water level in lake L; and reach R; and

tertae () = { 1o Tpende) =0 (13)

pe, When gco, (t) <0 7



(i, is the turbine coefficient and &y is the pump coefficient). The flow in C} is limited:

qc, (t) € [7(]01py,n,a,$a 7qclp,m7;n] U [qclt‘nzin’qcltﬂna,m] ) (14)

where the values g, ...» 4C1p nins 4C14min @04 G0y, .., are positive (the subscript t stands for turbine, while
p stands for pump).

Equation (13) and the constraint (14) make the model of the Cy discontinuous and therefore not suitable
for many control techniques.

2.6.2 Smoothed model

Equation (13) can be written as

ke, (ge, (1) = % ((1 +sign(ge, (1)) ke, + (1 —sign(ge, (1)) kpe, ) (15)

and then made smooth using the following approximation

xT

@rann (16)

sign(z) ~

(e=! corresponds to the derivative of the approximation at = 0). The constraint (14) can be simplified by
imposing
qc, (t) € [_qclp,max’qclt,maz] : (17)

The previous model of C] is still highly nonlinear and may not be suitable for linear MPC applications.

2.6.3 Double flow model

Another simplified model can be obtained by introducing two separate variables to express the flow in C;
° QClp(t)5 flow when C is functioning as a pump;
e gc,,(t): flow when C is functioning as a turbine.

Assuming these new variables are both positive we can write

qc, (1) = qcy, (1) — g0y, (1) (18)
and
pcy (t) = (ktc1 qc, (t) - kpcl qc,, (t))Ah’Cl (t) (19)

The constraint (14) can be rewritten in terms of qc, , (t) and qc, , (t)
qclp (t) € [qcl p,min’ qcl p,mam} (20)
qut(t) € [qclt,min7qclt,mam] : (21)

2.6.4 Relaxed model

When the power production is maximized (as in the profit maximization scenario porposed below), the following

relaxation can be used
pcy (t) < kio, g0y, (D) Ahc, (1)

22
P () < ke ger () Ahe, (1) (22)
and

qc, (t) € I:*qCHp,maT ) qutﬁmam] (23)
This relaxation is meaningfull for power maximization since the value of ky. < ki, -
Remark 2. Using any of the models in Sections 2.6.2, 2.6.3 or 2.6.4 introduces some approzimations. In

particular, the control inputs corresponding to the solution of an OCP using these simplified models may not
respect constraint (14). The control values achieved should be therefore modified.



3 Subsystem partition

The system is partitioned into 8 subsystems.

3.1 Subsystem 1 (L1 + L2 + U1 + T1 + Cl)

Subsystem 1 is composed by lakes L1 and Lo and ducts Uy, T7 and C7. Duct C; can function as a pump or a
turbine.

Define the following quantities:

e hy,(t) is the water level in lake Lq;

[ )

1L, (t) is the water level in lake Lo;

,(t) is the water inflow for L; which takes into account rain, small tributaries, etc.;

(
2
(

1, (t) is the water discharge going to turbine T} (control variable);

h
® gL
qL
q

)

t) is the water inflow for Lo which takes into account rain, small tributaries, etc.;
)

e g, (t) is the water discharge going through the duct Cy (control variable);

o hr, is the height difference of duct 17;

o hc, is the height difference of duct Cfi;

o hp, 1 (t) is the water level in Ry at the outflow point of duct Ti;

e hpg, ¢, (t) is the water level in Ry at the outflow point of duct Ci;

e ki, is the turbine coefficient of T7;

e ki, is the turbine coefficient of C7;

® kp., is the pump coefficient of Cy

ps, (t) is the power produced by subsystem 1.

The equations governing the subsystem behavior can be derived using the equations illustrated in the previous
section and setting

e lake L
1 Gin(t) = ar. (£) + v, (1)
Qout (t) =dqn (t) + qc, (t)

o lake Ly
Gin(t) = qr, (1)
Gout (t) =dqu, (t)

e turbine T3
Ah‘t (t) = h’Tl + hL1 (t) - hR27T1 (t)

e combined turbine/pump C4
Ahcl (t) = h’Cl + hLl (t) - hR1,C1 (t)

The variables of subsystem 1 are subject to the following constraints

hiy,.. <hp, (t)<hp,..

hig, . <hp,(t) <hp,, ..

ATy i < a1 (1) < 410,

qc, (t) € [_qclp,max’ _qclp,min] U [qclt,min7qclc,max]



3.2 Subsystem 2 (L3 + To + (%)

Subsystem 2 is composed by lake L3 and ducts T and Cs.
Define the following quantities:

e hp,(t) is the water level in lake Ls;

® ¢r.(t) is the water inflow for Ls which takes into account rain, small tributaries, etc.;

(t)
e g1, (t) is the water discharge going to turbine T5 (control variable);

e qo,(t) is the water discharge going through the duct Cs. ¢, (t) is positive when Cy functions as a pump
(control variable);

o hr, is the height difference of duct Ts;

® hc, is the height difference of duct Cs;

e hp, 1,(t) is the water level in Ry at the outflow point of duct T5;

e hp, c,(t) is the water level in R4 at the outflow point of duct Co;

° kth is the turbine coefficient of T5;

° k?th is the turbine coefficient of Cs;

® kp, is the pump coefficient of Cs;

e pgs,(t) is the power produced by subsystem 2.

The equations governing the subsystem behavior can be derived using equations (8)—(11) and setting

e lake L
’ din (t) =dqL; (t)
Jout (t) =47, (t) + qc, (t)

e turbine 75
Ahy (t) = hTz + th (t) - hR57T2 (t)

e combined turbine/pump Cy
Ahcz (t) = hC2 + th (t) - hR4,C2 (t)

The variables of subsystem 2 are subject to the following constraints

hL3n1in < th (t) < hL3max
AT in <4qmn (t) < AT5 0k
qc, (t) € [_qc2p,maxv _qc2p,1nin] U l:qCQt,min7qCQt,max]

3.3 Subsystem 3 (Rl + Dl), 4 (R2 + Dg), 5 (Rg + Dg), 6 (R4 + D4), 7 (R5 + D5),
8 (R¢ + Ds)

Subsystems 3, 4, 5, 6, 7, and 8 are composed by a reach and dam. Figure 2 represents the structure of the dams.
All the flow going through the dams is used by the turbine to produce electricity. The head of the turbines
inside the dams can be expressed as difference of the water level before and after the dam. Since the water
level after dam Dsg is not part of the model we consider it constant (hp,, ). The constraints on the subsystem
variables are

e subsystem 3
thmin < hg, (t) < thmax
4Dy < Dy (1) < 4D,
where hp, (t) is the water level at the end of reach R; and ¢p, (t) is the dam discharge which goes to the
turbine (the control variable);
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Figure 2: Dam configuration.

e subsystem 4
h’RQmin < hg, (t) < hR2max
4D pin < 4D> (t) < 4D oy
where hp,(t) is the water level at the end of reach Ry and ¢p,(t) is the dam discharge which goes to the
turbine (the control variable);

e subsystem 5
PR < hR, (1) < RR;
D5 in < 4Ds (t) < 4D3 oy
where hp,(t) is the water level at the end of reach R; and ¢p,(t) is the dam discharge which goes to the
turbine (the control variable);

e subsystem 6
PR < 1Ry (t) < PRy
9D pin < D4 (t) < 4D max
where hp, (t) is the water level at the end of reach Ry and ¢p, (t) is the dam discharge which goes to the
turbine (the control variable);

e subsystem 7
h’RSmin < hg; (t) < hR51nax
4D5 min < qps (t) < AD5 max

where hpg, (t) is the water level at the end of reach R and ¢p, (t) is the dam discharge which goes to the
turbine (the control variable);

e subsystem 8
hRGxnin < hpg (t) < hRGrnax
qDGmin S qDG (t) S qDGmax

where hpg,(t) is the water level at the end of reach Rg and ¢p,(¢) is the dam discharge which goes to the
turbine (the control variable).

4 Control test scenarios

We consider two test scenarios:
e in the first scenario the power output of the system should follow a given reference;

e in the second scenario the system profit should be maximized based on the available information on the
hourly electricity price variations.



In the control test scenario we make the assumption that all the water inflows are constant (gi, () = gin,

qtributary(t) = (tributary qinL1 (t) = qinle qinL2 (t) = qinL27 qinL3 (t) = qinL3)~
To simplify the description of the two optimal control problem formulations we define

x;(t): state vector of subsystem i;

u;(t): input vector of subsystem i;

C;: set describing the constraints for subsystem 4;

pi(x;(t), u;(t)): power produced by subsystem i;

4.1 Power reference tracking

We assume that the power reference to be followed by the entire system is known 24 hours in advance. Therefore,
the prediction horizon is set to 86400 seconds. The inputs of the system can be changed every 30 minutes.The
input vectors u;(t) are constant in this time intervals.

The optimal control problem to be solved reads

47 tht1 8
ming S [ |pe®) = 3 piai(t) )

k=0 tk i=1

$1(t) 1’1(t) U1 (t
st T2 (t) _ f ] (t) ’ UQ.(t) (24)

s (1) ws(t)] Lus(t)

(zi(t),wi(t) € C; i=1,...,

.’Ei(t):.’lﬁi)o = ,...,8

where t,, = 1800k, f is a function which represents the dynamics of the whole system. The function p,.(¢) is the
given power reference (piecewise constant).

Remark 3. Notice that when implementing this scenario the power should be expressed in MW (megawaits).

4.2 Profit maximization

When maximizing the profit of the plant the electricity price is known 24 hours in advance and varies every
hour. As in the power reference tracking scenario the inputs can be modified every 30 minutes.
The optimal control problem to be solved reads

tptr S 8
mas, ., Z ck / S pilailt),uie)de+ Y e (1)
ool el Tmol\
ot @o(t) _f 1'2.(15) 7 us(t) (25)
s (1) ws(t)] Lus(t)

(a:i(t),ui(t)) eC;, i= 1,...,8
Ii(t):ll'i70 ’L:17,8

where t;, = 1800k, ¢ is the electricity price (in EURO/Wh) during the k-th half-hour, and cy,; is a vector
pricing the water remaining in the system at the end of the control horizon.

4.3 How to compare different control techniques

Different control techniques require different assumption on the problem. If a new method should be tested,
modifications can be made to the problem formulation and the model used. However, for a fair comparison, the
performance should be evaluated using the model and the cost provided above.

In the data provided (see the next section and the MatLab files) a steady state for the system and the values
of ¢ and 7, can be found. In the test the simulation should start from steady state. Since the values of ¢ and
v, are given for a period of 24 hours only, they can be considered periodic with a period of 24 hours.



5 Problem data

In the following table we can find the data necessary to implement the model. The data are grouped per
subsystem. General data can be found at the end of the table.

] Symbol \ Description \ Unit of measure \ Value ‘

Subsystem 1

Sr, Surface lake L; m? 10 x 103

Sp, Surface lake Lo m? 5 x 10°

heo .. Minimum lake water level L m 10.5

hr, ... Maximum lake water level L, m 13.5

Ry Minimum lake water level Lo m 5.5

Rigpns Maximum lake water level Lo m 8.5

iny, Water inflow lake Ly m°> s~ ! 5

Giny, Water inflow lake Lo m? s~ 5

ht, Height difference duct Uy m 5

Su, Cross section duct Uy m? 6

ki, Turbine coefficient T} Jm™* 8000

ki, Turbine coefficient C4 Jm™* 8000

Epe, Pump coefficient Cy Jm™* 14000

hr Height difference duct T m 223

hey Height difference duct Cy m 200

qar... Minimum turbine flow T} m? s~ 1 0

a7y ,nn Maximum turbine flow T} m3 g1 20

4Ct, min Minimum flow in C; in turbine mode | m? s~! 0

4y, mae | Maximum flow in Cy in turbine mode | m3 s~! 10

4C1 i Minimum flow in C; in pump mode m3 s~ 1 0

4C1, e | Maximum flow in € in pump mode0.0 | m® s~ 5
Subsystem 2

SLs Surface lake Ls m? 10 x 103

Nigi Minimum lake water level Ls m 6

Ny Maximum lake water level L3 m 9

Giny, Water inflow lake L3 m? s~ 1 10

ktT2 Turbine coefficient turbine T5 Jm™? 8000

kic, Turbine coefficient Cy Jm™? 8000

Epe, Pump coefficient Cs Jm™* 14000

hr, Height difference duct Cy m 233

he, Height difference duct Tb m 250

qT; .00 Minimum turbine flow T5 m? s~ T 0

q1s,,... Maximum turbine flow 15 m? s~ 1 20

4Cay min Minimum flow in Cs in turbine mode m?3 57! 0

GCay rnn Maximum flow in Cy in turbine mode | m? s~! 10

4Cay i Minimum flow in Cs in pump mode m3 s~ 1 0

ACa a Maximum flow in C5 in pump mode m3 s~ 1 5
Subsystem 3

Io, Bed slope reach Ry - 0.0025

Lp, Length reach R; m 10000

Wip, Width beginning reach R; m 30

WNp, Width end reach R, m 50

Nr, Number of cells used in the dis- | - 20

cretizartion of reach R,
ki b, Turbine constant dam Dq Jm™* 8000

continues...
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...continued

] Symbol \ Description \ Unit of measure \ Value
hRy Minimum water level at dam D; m 14.5
DRy Maximum water level at dam D, m 17.5
4D1 i Minimum turbine flow dam Dy m3s ! 5
4Dy s Maximum turbine flow dam D; m? s~ 300
Gin Water inflow reach R; m3s ! 200
L¢, Distance from the beginning of the | m 5000

reach to duct Cy
Subsystem 4
Iy, Bed slope of reach Ry - 0.0015
Lgr, Length reach R» m 8000
Wip, Width beginning reach Ro m 40
WNR, Width end reach Ry m 45
Ng, Number of cells used in the discretiza- | - 20
tion of reach Ry
K, Turbine constant dam D- Jm™? 8000
R, Minimum water level at dam Dy m 16.5
RRy Maximum water level at dam Dy m 19.5
4Doi Minimum turbine flow dam Do m3s! 5
4Ds s Maximum turbine flow dam D, m3 g1 300
L, Distance from the beginning of the | m 4000
reach to duct T}
Subsystem 5
IOR@ Bed slope reach Rs - 0.002
Lpg, Length reach Rg3 m 6000
Wig, Width beginning reach R3 m 40
WNp, Width end reach R3 m 55
Np, Number of cells used in the dis- | - 20
cretizartion of reach Rs
k., Turbine constant dam Ds Jm™* 8000
hRg... Minimum water level at dam Ds m 21.5
DRy Maximum water level at dam D3 m 24.5
qDs, . Minimum turbine flow dam Dj m?s ! 5
4Dspa Maximum turbine flow dam Ds m? s~ 300
Liributary | Distance from the beginning of the | m 3000
reach to tributary inflow point
Geributary | Lributary inflow m? s~ T 30
Subsystem 6
oy, Bed slope of reach R» - 0.0015
Lg, Length reach R» m 8000
Wip, Width beginning reach Ro m 55
WNR, Width end reach Rs m 45
Ng, Number of cells used in the dis- | - 20
cretizartion of reach Ry
ktp, Turbine constant dam Dy Jm™? 8000
RR, Minimum water level at dam D, m 17.5
NRyps Maximum water level at dam Dy m 20.5
GDapi Minimum turbine flow dam Dy m3s T 5
GDuaps Maximum turbine flow dam Dy m? s~ 1 300
Lc, Distance from the beginning of the | m 4000
reach to duct Cy

Subsystem 7

continues...
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...continued

] Symbol \ Description \ Unit of measure \ Value
Io,, Bed slope reach Ry - 0.0025
Lp, Length reach Rj m 6000
Wi Width beginning reach Rj m 50
WNp. Width end reach Rs m 60
Nr, Number of cells used in the dis- | - 20

cretizartion of reach Ry
Kty Turbine constant dam Ds Jm™* 8000
DRy i Minimum water level at dam Ds m 13.5
hRs,... Maximum water level at dam Ds m 16.5
4Dsin Minimum turbine flow dam Ds m3s~ 1 5
ADs,. Maximum turbine flow dam Dj m?® s~ ! 300
Lr, Distance from the beginning of the | m 3000

reach to duct T5

Subsystem 8

oy, Bed slope of reach Rg - 0.002
Lpg, Length reach Rg m 8000
Wip, Width beginning reach Rg m 60
WNp, Width end reach Rg m 80
Npg, Number of cells used in the dis- | - 20

cretizartion of reach Rg
Kt b, Turbine constant dam Dg Jm™* 8000
DR Minimum water level at dam Dsg m 11.5
DR Maximum water level at dam Dyg m 14.5
4D6 in Minimum turbine flow dam Dsg m?s™! 10
(D6 s Maximum turbine flow dam Dg m3 g1 300
RDg o Water level after dam Dy m 2

General data

kstr Gauckler-Manning-Strickler coefficient | m!/3 s~! 30
g Gravitational acceleration constant m s 2 9.81

The other data necessary for the implementation (initial condition of the system, power reference, electricity
prices, ...) can be found in the files inside the folder matlab_model (check the file README.txt for instructions
and some more details).
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